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ABSTRACT
The thermodynamics of pure and mixed adsorption in 
idealised narrow pore solids was investigated. A narrow 
pore was defined as one in which no two adjacent molecules 
can slide past each other. The molecules confined within 
such a pore were idealised as a one-dimensional assembly 
subject to a homogeneous external field. An exact 
statistical mechanical analysis of this assembly was 
performed and the exact equation of state derived for a 
one-dimensional adsorbate with arbitrary nearest-neighbour 
lateral interactions.
The one-dimensional model was shown to be 
thermodynamically exact with the correct low and high 
coverage behaviour. The transition between pure and mixed 
adsorption and "localised" to "mobile" adsorption were 
also naturally secured by this model. A systematic 
sensitivity analysis was conducted to separate the 
influence of the vertical and lateral interactions and the 
non-idealities of the bulk fluid on the thermodynamics of 
mixed adsorption. This was found to depend on the 
affinity of the solid for the various species which was 
defined as the difference between the initial isosteric 
heat of adsorption and the latent heat of vapourisation. 
The thermodynamics of a system with high affinities was 
primarily governed by the relative strength of the 
vertical interactions, the lateral interactions and the 
non-idealities of the bulk fluid played a secondary role. 
However, the behaviour of the mixed adsorbate was strongly 
moderated by the lateral interactions when one or more of 
the species exhibited a low affinity. In particular, the 
mixed adsorbate could exhibit positive deviation, no 
deviation or negative deviation from ideality depending on 
the strength of the mixed lateral interactions.
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The one-dimensional model does not rely on the random 
mixing assumption and could provide a measure of the local 
composition which obviates the need for the definition of 
adsorbed phase activity coefficients. This model was used 
to explore the consequences of employing approximate 
standard states in the Adsorbed Solution Theory analysis 
of saturated liquid adsorption. It was clearly
demonstrated that the unjustified use of the approximate 
standard states could lead to a catastrophic 
misinterpretation of the thermodynamics of the mixed 
adsorbate. Furthermore, a key parameter was identified 
which could be extracted from the pure vapour adsorption 
isotherm and serve as an a priori indicator for the 
validity of the approximate standard states often 
employed.
On a more practical note, the thermodynamically exact 
one-dimensional model reproduced many of the 
experimentally observed features of mixed liquid 
adsorption on narrow pore solids. It also predicted the 
occurrence of maxima in the individual uptake of the 
species which is yet to be observed experimentally. The 
liquid phase adsorption characteristics of the 
(ethanol-water}/silicalite system was well described by 
the one-dimensional model without taking a detailed view 
of either the pore structure or the energetic 
heterogeneity of silicalite. In particular, the
parameters derived from the pure liquid adsorption data 
could be simply combined to predict the mixed liquid 
adsorption. However, a good prediction of the vapour 
adsorption isotherm could only be obtained close to 
saturation.
The energetic heterogeneity and the detailed 
structure of the microporous solid exert a more critical 
influence in adsorption from a vapour. A systematic
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procedure for "subtracting out" the influence of localised 
energetic heterogeneity was presented. The overall
adsorption was deconvoluted into separate contributions 
from "local sites" and the underlying "decontaminated" 
one-dimensional solid; thus enabling a direct comparison 
between different samples of "nominally" the same solid. 
This model gave an good description of the vapour 
adsorption isotherm and the differential heat of 
adsorption of water on silicalite. In particular, the 
lateral interaction potential recovered from the pure 
vapour and pure liquid data measured on different samples 
of silicalite were remarkably similar.
The one-dimensional model with local sites gave a 
good description of the initial sharp fall in the 
differential heat of adsorption of ethanol on silicalite 
but systematic deviations were observed at intermediate to 
high loadings. This is due to the intrusion of the 
structural heterogeneity caused by the local variations in 
the pore structure which affect the adsorption 
characteristics of the larger and more strongly adsorbed 
ethanol molecule. A good description for this system was 
obtained through an approximate treatment of structural 
heterogeneity which distinguished between the pores and 
their larger intersections. Evidently, for a larger and 
more strongly adsorbed species it may also be necessary to 
allow for the difference between the two types of pore in 
silicalite. A rigorous treatment of such effects requires 
a model of an adsorbate in an inhomogeneous external field 
which is complicated even in one-dimension.
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CHAPTER 1 
INTRODUCTION
1 INTRODUCTION
Adsorption has assumed an increasingly important role 
as an efficient process for the separation of both gaseous 
and liquid mixtures. This increased interest in sorption 
techniques is partly driven by the development of new 
microporous crystalline adsorbents with improved and 
reproducible manufacturing techniques. In particular,
the relatively new high silica molecular sieves offer 
exciting opportunities for a range of separations which 
prove difficult or costly by conventional distillation or 
extraction. Important examples include the breakage of 
chemical azeotropes, the recovery of low molecular weight 
organics from complex mixtures such as fermentation broths 
and the separation of isomers. In most cases of practical 
interest, the feedstock is multicomponent and the various 
species compete for the internal surfaces of the 
adsorbent. The accurate design and optimisation of 
multicomponent sorptive separation processes demands a 
sound knowledge of the molecular interactions within the 
narrow confines of the crystalline solids; in particular, 
the separate influence and the interplay of vertical and 
lateral interactions on the capacity and selectivity of 
the solid. Such understanding is best obtained through a 
thermodynamically consistent theoretical model of mixed 
adsorption within narrow pore solids.
The ultimate aim in the theoretical analysis of 
adsorption in microporous solids is the a priori 
prediction of the extent and the composition of the 
mixed adsorbate on the basis of the molecular properties 
of the adsorbent and the adsorbates. With the current 
knowledge of intermolecular forces, a totally 
predictive theory is .clearly beyond reach. A more 
practical target is a theoretical model which enables 
the prediction of mixed adsorption from the pure 
component adsorption data. The essential step for
such analysis is the derivation of a thermodynamically 
exact mechanistic equation of state for the adsorbed 
phase. Given such an equation of state, the 
thermodynamic properties can be deduced directly and the 
extent and composition of the adsorbed phase 
calculated through the Gibbs adsorption isotherm. 
Ideally, the parameters for the equation of state should 
be derived from the pure component adsorption data 
alone and the interactions in the mixed adsorbate 
predicted through theoretical mixing rules. In general, 
however, a priori mixing rules can only be developed for 
idealized situations seldom realized in practice. In 
practical applications, therefore, we are usually forced 
to seek semi-empirical mixing rules demanding limited 
experimental mixed adsorption data.
This study has both a theoretical and a practical 
objective. The theoretical objective is to gain a sound 
understanding of the interplay between the vertical and 
lateral interactions in establishing the thermodynamic 
behaviour of pure and mixed adsorbates within a class of 
narrow pore solids. This objective can only be
unambiguously achieved through the derivation of an exact 
equation of state for the adsorbate. Chapters 2 and 3 of 
this thesis are aimed exclusively towards this theoretical 
objective. In Chapter 2, an exact equation of state is 
derived for molecules confined within a highly idealised 
one-dimensional pore. Such pores do not exist in practice 
but may serve as a first approximation when the pore 
dimension in a real solid closely approaches the molecular 
dimension of the adsorbate. The one-dimensional equation 
of state yields all the thermodynamic properties of the 
adsorbate exactly; in particular, the influence of the 
vertical and lateral interactions are clearly separated. 
A good understanding of pure and mixed adsorption is 
obtained through a detailed theoretical sensitivity 
analysis in Chapter 3 which takes full advantage of the
inherent properties of the thermodynamically exact 
one-dimensional model.
The second objective is to assess the potential of 
the idealised one-dimensional model for description of 
practical adsorption systems. Practical microporous
solids do not in general conform to the one-dimensional 
approximation and may possess an intricate and highly 
complicated pore structure. This is certainly true for 
activated carbon and silica gel adsorbents which contain a 
broad range of highly interconnected micropore sizes. 
Such solids are not amenable to a "one-dimensional" 
analysis which is best suited to crystalline adsorbents 
with well defined micropore structure. The
one-dimensional approximation can also be ruled out for 
the cage structure associated with aluminosilicate 
zeolites; the adsorption characteristic are then 
influenced by the larger cages rather than the narrow 
pores connecting them.
The one-dimensional model may, however, prove a good 
approximation for a class of industrially important 
crystalline solids; for example the Pentasil family of 
molecular sieve, in particular silicalite and ZSM-5. The 
internal structure of these solids consists of well 
defined but interconnected narrow pores. An essential 
feature of such a structure is the inability of two 
adjacent molecules within a pore to slide past each other. 
Adjacent molecules may of course pass each other but by a 
much longer and therefore less probable circuitous route. 
To a first approximation, therefore, such solids are 
"nearly one-dimensional". Chapters 4 and 5 of this thesis 
explore the application and systematic modification of the 
idealised model for pure and mixed liquid and vapour 
adsorption within nearly one-dimensional solids. A 
primary objective in this respect is the development of 
suitable mixing rules to enable the prediction and/or
correlation of mixed adsorption with a minimum number of 
empirical mixing parameters.
The practical system examined in this thesis is the 
adsorption of pure water, pure ethanol and their mixtures 
on the high silica molecular sieve, silicalite. This 
proves to be a good model system in several respects. 
First, the thermodynamic properties, in particular the 
bulk liquid activity coefficients, are well documented. 
Lack of such data for systems of practical interest is 
often a major obstacle to detailed thermodynamic analysis. 
Second, substantial liquid and vapour phase adsorption 
data is available for both pure and binary adsorbates. 
Adsorption from a pure liquid, although of little 
practical interest, is of crucial importance in validating 
theoretical models of mixed adsorption. Moreover, the 
extent and composition of the adsorbate for the 
{ethanol-water)/silicalite system have been measured 
directly without recourse to a priori assumptions. In 
most studies of liquid phase adsorption only the relative 
isotherm is reported but, as we shall see, this is 
insufficient to establish the adsorbed phase composition 
unambiguously. It is also well known that the variation 
of the differential heat of adsorption with coverage 
provides a clear indication of the adsorption mechanism. 
The access to such data for adsorption of water and 
ethanol vapours on silicalite facilitates a critical 
assessment of the theoretical models proposed in this 
study.
The {ethanol-water}/silicalite system provides a 
severe test of the one-dimensional model of adsorption in 
two respects. First, water and ethanol are both highly 
polar and the electrostatic interaction between such 
molecules may extend over a very long range and is also 
sensitive to orientation. The mixing rules developed must 
therefore cater for such effects explicitly. Second,
silicalite has an interconnected pore structure and the 
one-dimensional approximation presents a major geometrical 
oversimplification. It is therefore of practical interest 
to establish whether the one-dimensional model proves a 
good approximation and, if necessary, suggest the 
modifications required to take a more detailed account of 
the pore structure. Finally, we should note that the bulk 
(ethanol-water) solution is highly non-ideal and its 
thermodynamic properties are governed primarily by the 
interaction between the like rather than the unlike 
molecules. However, such interactions may be altered by 
the organophilic and hydrophobic surface properties and 
the steric hindrance within the narrow pores o f . the 
silicalite crystals. The thermodynamic characteristics of 
the adsorbate may therefore be radically different from 
that of the bulk liquid and the (ethanol-water}/silicalite 
system may lead to interesting behaviour.
This thesis is organised as follows. The theoretical 
derivation of the exact equation of state for a 
multicomponent one-dimensional adsorbate is presented in 
Chapter 2. To this end, the adsorbate is viewed as a 
one-dimensional fluid subject to an homogeneous external 
field exerted along the pore. The statistical mechanics 
of such an assembly is closely related to the classical 
treatment of a one-dimensional bulk fluid except for two 
modifications. First, we speak of force (actually 
tension) in place of pressure as the relevant intensive 
variable for the linear assembly. Second, the molecular 
properties of the adsorbate are understood to be those 
under the influence of an external field; as such they do 
not necessarily correspond to those in the bulk fluid. 
The chief advantage of this idealised model is that its 
extension to multicomponent systems is naturally secured 
and all the thermodynamic properties of the adsorbate, in 
particular heats of adsorption and activity coefficients, 
can be established exactly.
The idealised one-dimensional model offers a unique 
opportunity for a close and critical examination of the 
thermodynamics of mixed adsorption in narrow pore solids. 
Chapter 3 is aimed at a detailed theoretical sensitivity 
analysis for pure and binary one-dimensional adsorbates. 
In particular, it will be shown that the model satisfies 
the thermodynamic constraints imposed for a pure component 
at both low and high loading and has a well defined 
Henry's constant. For simple lateral interaction
potentials, for example hard-core and square-well, the 
model can yield analytic or semi-analytic isotherm 
expressions. For example, for a hard-core potential the 
isotherm takes a form analogous to the Volmer isotherm; 
the transition from "localised" to "mobile" adsorption on 
raising the temperature is therefore naturally secured. 
For a more realistic interaction potential, for example 
the Lennard-Jones model, numerical techniques are required 
to obtain the adsorption isotherm and heats of adsorption.
The thermodynamic behaviour of a mixed adsorbate is 
determined by an intricate balance between the strength of 
adsorption for each species (vertical interactions) and 
the lateral interactions between the like and unlike 
molecules. The vertical and lateral interactions are 
clearly separated in the idealised one-dimensional model 
and this offers an opportunity to assess the complex 
interplay between such interactions for binary hard-core 
and Lennard-Jones adsorbates. In addition, the properties 
of the mixed adsorbate can be determined directly and 
without resorting to adsorbed phase activity coefficients. 
The definition of the standard states, and hence the 
adsorbed phase activity coefficients, is open to some 
speculation in adsorption from saturated liquids (or 
vapours). Chapter 3 is concluded with a critical
examination of the assumptions made in the thermodynamic 
analysis of liquid phase adsorption by the Adsorbed
Solution Theory. The results indicate that the common 
assumptions employed may lead to a catastrophic 
misinterpretation of the thermodynamic behaviour of the 
mixed adsorbate. More significantly, the one-dimensional 
analysis suggests simple criteria which ensures the 
validity of the assumptions forced upon us in the 
thermodynamic analysis of liquid phase adsorption.
Practical application of the idealised
one-dimensional model to experimental data is considered 
in Chapter 4. We shall show that both pure and binary 
liquid adsorption of ethanol and water on silicalite is 
well described by the simple but thermodynamically exact 
one-dimensional model. The development of
semi-theoretical mixing rules for lateral interaction 
between unlike molecules is considered in this chapter.
In general, two mixing parameters are required, one for 
non-polar and one for electrostatic interactions. In the 
case of {ethanol-water)/silicalite system, however, the 
mixing parameters can be assigned a priori values and the 
parameters derived from pure liquid adsorption data are 
sufficient to predict mixed adsorption. However, the pure 
liquid parameters can only provide an adequate description 
of the pure vapour phase adsorption isotherms close to 
saturation and systematic quantitative deviations are
observed at low to moderate relative pressures.
The failure of the liquid phase parameters to
describe the vapour phase adsorption isotherm over its
entire range, which is due to the increasing importance of 
energetic heterogeneity at low loadings, is addressed in 
Chapter 5. The initial heat of adsorption data for water, j
ethanol and other polar compounds on silicalite is !
abnormally high but shows a sharp decline with coverage. |
This is an indication of "sites" of abnormally high energy |
inevitably present in all practical solids due to local 
defects or impurities. A systematic procedure for the
separation of the overall adsorption isotherm to 
contributions from "local sites" and the "uncontaminated" 
one-dimensional solid is presented in this chapter. As we 
shall see, this modification is sufficient to describe the 
vapour phase adsorption of water on silicalite; systematic 
deviations are, however, observed in the case of ethanol. 
This is traced to the intrusion of "structural
heterogeneity" which demands a more detailed account of 
the interconnected pore structure of silicalite.
Chapter 5 is concluded with the development of an 
approximate model to account for structural heterogeneity 
while retaining the one-dimensional nature of the
adsorbate. The thesis is concluded in Chapter 6 with 
suggestions for further theoretical and experimental 
improvements.
1.1 CLASSICAL THERMODYNAMICS OF ADSORPTION
The purpose of this brief review is : (1) to summarise
the classical relationships used in the remainder of this 
thesis and (2) to put our approach in the context of the 
commonly used approaches to adsorption thermodynamics. 
The thermodynamic analysis of adsorption has and will 
continue to be attempted using a number of different 
approaches well reviewed by Steele [1974] and Young and 
Crowell [1962]. In one approach, the "adsorbed phase" is 
defined as a "solution" consisting of both the adsorbates 
and the adsorbent which is in equilibrium with a second 
bulk phase. This approach is most suited to practical 
situations where adsorption is accompanied by swelling and 
changes in the volume of the "adsorbed phase", but ignores 
the fact that the adsorbed molecules are largely confined 
to the surface of the adsorbent. This is a good
approach, for example, in adsorption of organic vapours by 
polymeric adsorbents or for adsorption processes involving 
biopolymers. It is, however, too general for adsorption 
on the rigid solid adsorbents of interest in this study.
In a second more general approach, the thermodynamic 
behaviour of the molecules influenced by the solid is
described in terms of "surface excess properties". A
"surface excess" is defined as the difference between the 
property of the actual system and that of a hypothetical 
reference system in which the molecules are in the
vicinity of the solid but exhibit no interactions. In 
this approach the solid may be treated as inert or 
non-inert. For example, the swelling of the solid can be 
ascribed to the changes which are due solely to the 
alteration of the properties (in particular the chemical
potential) of the adsorbent [eg Karavias and Myers 1991].
The primary disadvantage of the surface excess approach is 
that the definition of the reference system is not always 
easy. In addition, statistical mechanical models of
adsorption or computer simulation studies of adsorption 
provide information on the absolute rather than the 
surface excess properties.
In a third and most frequently used approach, the 
adsorbate is treated as a separate autonomous phase in 
equilibrium with the bulk phase. In this approach the 
solid adsorbent is treated as "inert" and its properties 
do not appear explicitly in the thermodynamic 
calculations. The principal role of the solid is to
produce an external potential field which influences the 
behaviour and the properties of the adsorbed molecules. 
The main advantage of this approach is that the properties 
calculated refer to the adsorbed molecules alone and can 
therefore provide detailed and direct information on the 
adsorption process. Its main disadvantage is that many 
solids are not inert, for example the solid may extract or 
contract on adsorption, and such effects, if present, will 
be reflected as properties of the adsorbate rather than 
the adsorbent.
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In this study we are interested in solids which are 
rigid and show no volume change or surface stresses on 
adsorption, we shall therefore adhere to the last 
approach. The initial rigorous treatment of interfacial 
effects under this assumption were largely pioneered in 
connection with surface adsorption by Hill [1949] and 
Everett [1950]. The two-dimensional relationships
developed are, however, often employed for 
three-dimensional adsorption by simply redefining the work 
term [eg Ruthven 1984, Farhadpour and Bono 1988, Rudisill 
and LeVan 1992]. In general, the work term may be
described by an intensive variable  ^ associated with an 
extensive variable jg which fixes the macroscopic size of 
the adsorbed phase. The key is the product ^xf which is a 
measure of the work needed to build the adsorbed phase 
assembly. The value of the intensive variable # can be 
calculated through the Gibbs adsorption isotherm and is, 
in general, independent of the physical interpretation. 
Thus, the product is often written as,
= nd —
where n is a two-dimensional spreading pressure and 4 is 
the surface area, 0 is a three-dimensional spreading 
pressure and # the volume of the adsorbed phase, $ is a 
surface potential and is the amount of adsorbent. This 
leads to thermodynamically correct expressions but, as 
pointed out by Bering et al [1970], the physical 
interpretation is not straight forward.
Conceptual difficulties arise in extending the 
two-dimensional analyses to multilayer adsorption or, more 
generally, to adsorption within microporous solids. This 
is primarily because as soon as the adsorbate assumes a 
three-dimensional character, the definition of the various 
work terms becomes ambiguous. In particular, the volume
11
of the adsorbed phase is, in general, ill defined and the 
breakdown into area and volume work terms is then quite 
arbitrary. This problem may be circumvented by
introducing a grand potential for the adsorbed phase which 
embodies all the work terms associated with adsorption 
[Nicholson and Parsonage 1982, Rowlinson 1985, Karavias 
and Myers 1991] . The individual contributions are,
however, not forthcoming from such an approach.
The primary theoretical objective of this study is to 
develop a thermodynamically exact one-dimensional model of 
adsorption. In confining the adsorbed molecules to a 
line we remove all ambiguity regarding the work term.
In the highly idealised one-dimensional case, the 
intensive variable | is the force (actually tension) in 
the line and £ is its length. In this case, there is a 
direct physical interpretation for the pair of variables
required to define the work term. The thermodynamic
relationships for a one-dimensional adsorbate are derived 
and summarised below.
Consider a collection of N^, N®, . . . , N^ moles of m1 2 mdifferent species spread over N^ "moles" of a nonvolatile 
adsorbent arranged as a "linear" line of actual length , 
The differential equation combining the first and second 
law for this collection can be stated as,
dU = TdS - ju^ dN® + Ÿ (2.1)i = i ‘ ‘
where U is the internal energy and S the entropy of the 
collection and and are the chemical potentials of 
the linear adsorbent and the i  ^ adsorbate respectively. 
The work term associated with the one-dimensional 
adsorption process is denoted by ^d£^ where is the
length of the line that is covered with the adsorbates. 
The intensive variable  ^= -{dJJ/d£^) a s corresponds toS , N  , N i
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the change in the internal energy caused by the spreading 
of the adsorbates along the line. In general, f ^ may 
differ from the adsorbent length ; for example, the 
adsorbed molecules may be confined to a part rather than 
the whole of the line. We also note that the length of 
the adsorbent f^ and the "moles" of the adsorbent are 
related and cannot therefore be varied independently. 
For a clean adsorbent (denoted by subscript o), that is 
the line in the absence of the adsorbate, the above 
equation reduces to.
dU^ = TdS* -fdf^ + lU^ dN^  (2,2)0 0 0 0 0 '
We shall assume the usual definition,
C  = 0
Thus, the force,  ^ is measured relative to a clean 
adsorbent.
The contributions from the uncontaminated line 
adsorbent adsorbent (2.2) can now be readily subtracted 
from (2.1) to yield,
dU^ = TdS= - fdjg^  + (u®~M^)dN^ + ^ It^ dN^  (2.3)
where U®= U - U^, S®= S - S*. As they stand, U® and S®0 o ^represent the properties of the adsorbate molecules spread 
over a "non-inert" line adsorbent. The term (ju^ -ju®)dN^  
represents the contribution from any changes which may 
occur in the line adsorbent as a result of the adsorption 
process. The corresponding Helmholtz free energy is by
definition F^= U®- TS^ and its variation is therefore,
13
Similarly, we may define the corresponding enthalpy, 
H®= u^+ , and the Gibbs free energy, G^=F^+^f ^, which
lead to,
dH® = TdS® + f = d# + (M^ -jLi®)dN^  + ^ jU^ dN^  (2.5)
dG^ = ~S®dT+ f^df + (M®-u®)dN^ + ^ ^dN^ (2.6)
At thermodynamic equilibrium dU^= 0, the internal energy 
is therefore a characteristic function at constant (S®, 
iE®, and N®) . Similarly, at equilibrium dF^= 0 and
the Helmholtz free energy F®, is a characteristic function 
at constant ( T , f ^ a n d  N^). It is evident from the 
above relationships that in comparison to a bulk phase an 
extra variable is required to describe the thermodynamic 
state of the linear adsorbate. This extra variable is of 
course the amount of adsorbent (or the length over
which the adsorbate molecules are spread.
We can now consider the adsorbate molecules as an 
autonomous one-dimensional adsorbed phase by insisting 
that the line adsorbent is "inert". An inert adsorbent is 
defined here as one whose chemical potential does not 
change as a result of the adsorption process.
~ fjL^ ~ constant for an inert adsorbent
For an inert adsorbent, equations (2.3)-(2.6) reduce to:
dU® = TdS® - #df= + y u^dN= (2.7a)1 ' '
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dF ^ =  -S ^ d T  -#djg^ + y  jlxM n  ^ ( 2 , 7 b )
i ' '
dH^ = TdS^ + f = d# + y MjdN^ (2.7c)
i
dG^ =  -S ^ d T +  2 * d f  + y  hjdN®  ( 2 . 7 d )1
Under the assumption of an inert absorbent, the properties 
in Eq.(2.7) (eg U®, S^ , , G^) may be considered as the
properties of an autonomous adsorbed phase. All the 
contributions from the moles of the inert adsorbent are 
eliminated in the subtraction except for the interaction 
energy between adsorbate molecules and the potential field 
created by the line adsorbent which is incorporated in U®.
The Gibbs-Duhem relationship for the autonomous 
one-dimensional adsorbate spread over an inert adsorbent 
can now be readily derived. Integration of (2.7d) while 
holding all intensive variables (T,  ^ and jup constant
leads to,
G® = G^(TJ,N^,n “,...,n ') = X (2.8)
Taking the total derivative of (2.8) and comparing with 
(2,7d) leads to,
- S^dT + Z=d# = y N^dm® (2,9)
i
The Gibbs adsorption isotherm is obtained by restricting 
(2.9) to constant temperature and equating the chemical 
potential in the bulk and adsorbed phases, /i..
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= y N^ djLi^  constant T (2.10)i
In the main body this thesis we shall need to work 
with the absolute activities rather than with the
chemical potentials u ® . These quantities are related by 
[Fowler and Guggenheim 1949],
A® = exp(M^/RT) (2 .1 1 )
where R is the Universal gas constant. Combining (2.11) 
and (2.9) and using the definition of enthalpy, 
H®= G^+ TS^, we arrive at.
TjS dT + RTy N^dEnA® (2.12)
The above relationship shows that the relevant intensive 
variables for the adsorbed phase are the absolute 
temperature, T, the absolute force variable  ^ and the 
absolute activities A^ . The primary theoretical objective 
of this study is therefore to develop an equation of state 
for the adsorbed phase with the following functional form.
A(A*,A=, . . . ,A],T,n = 0 (2.13)
Given such an equation of state, all the thermodynamic 
properties (in fact the property densities) of the 
adsorbed phase may be calculated directly.
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CHAPTER 2
A ONE“DIMENSIONAL MODEL OF ADSORPTION
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A ONE-DIMENSIONAL MODEL OF ADSORPTION
2.1 INTRODUCTION
The development of a mechanistic equation of state 
for molecules confined within a microporous solid is 
greatly simplified when the pore size closely approaches 
the molecular dimensions of the adsorbed species. We may 
then as an idealization consider a pore whose dimensions 
are such that no two adjacent molecules can slide past 
each other. The adsorbed phase can then be viewed as a 
linear (one-dimensional) chain of molecules separated by 
gaps. Such a system exhibits total order in the sense 
that, once an arbitrary linear array of molecules is laid 
down, the arrangement of the molecules can only be changed 
by exchange with a second (bulk) phase at the pore 
extremities. In this case, therefore, we deal with an 
infinite number of possible linear arrangements of 
molecules each of which once laid down retains its order. 
It is precisely this property which has enabled the 
derivation of an exact equation of state for a 
linear gas [Tonks 1936, Takahashi 1942, Van Hove 1950, 
Prigogine and Lafleur 1954, Kikuchi 1955, Rushbrooke and 
Ursell 1947, Longuet-Higgins 1958, Byers-Brown 1958] and 
will also be exploited in our derivation of the equation 
of state for a one-dimensional adsorbate.
The development of the equation of state for a 
one-dimensional adsorbate closely follows the classical 
argument for a one-dimensional bulk fluid but with two 
modifications. First, we speak of force (or tension) in 
place of pressure as the relevant thermodynamic variable 
for the adsorbed phase. Second, the molecular properties 
of the adsorbed phase are understood to be those under the 
influence of an external potential field exerted by the 
solid. Within the Gibbsian premise of a distinct
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adsorbed phase we do not need to know the exact nature of 
this potential field. We need only recognise that the 
molecular properties of the adsorbed molecules may be 
perturbed by the solid and do not necessarily correspond 
to those in the bulk fluid.
The one-dimensional model as developed in this 
chapter has two limitations. First, only nearest
neighbor interactions are taken into account and three and 
multiple body effects are excluded. We do not explore 
such effects explicitly in this study and are content with 
effective two-body intermolecular potentials to represent 
three body effects approximately. Second, the pore is 
assumed to be energetically homogeneous: i.e. the vertical 
interaction energy between an adsorbed molecule and the 
solid is assumed constant and independent of position 
along the pore. It is only under this assumption that an 
exact equation of state can be developed. An approximate 
solution of the one-dimensional model in an energetically 
inhomogeneous pore will be discussed in Chapter 5.
We start this chapter with a summary of the classical 
works on one-dimensional bulk fluids. Much of this work 
exploits the strict similarity between the Ising model of 
a ferromagnet [Ising 1925] and a one-dimensional lattice 
gas. We must stress, however, that the concept of a 
lattice is not essential to the derivation of the 
one-dimensional equation of state. This is important
because the notion of a regular lattice breaks down for 
molecules of differing dimensions. We therefore avoid 
the use of lattice gas terminology and following 
Byers-Brown [1958] base our derivation on a more general 
argument applicable to all size ratios.
The rest of this chapter is organised as follows. 
The concept of a constant force ensemble central to our 
derivation is presented in section 2.2. This is followed
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by the formal derivation of the one-dimensional equation 
of state for a pure adsorbate in section 2.3. The
extension of the model to multicomponent systems is 
discussed in Section 2.4. The thermodynamically exact 
formulae for internal energy, free energy, enthalpy, 
entropy and the various heats of adsorption for the 
one-dimensional adsorbate are summarised in Section 2.5. 
The relationships obtained will be used to perform a 
detailed theoretical sensitivity analysis in Chapter 3.
2.1.1 Previous work on one-dimensional bulk fluids
Historically, the one-dimensional lattice model was 
first considered by Ising (1925) in the study of 
ferromagnetism. Ising's work was aimed at showing that a 
spontaneous polarisation of a finite fraction of the spins 
of the electrons in the same direction would give rise to 
a macroscopic magnetic field [Huang 1987]. The
electrons were arranged on a regular lattice of sites and 
each site was allowed to have a spin number of either + 1  
(up) or -1 (down). Each spin interacted only with its
two nearest neighbours and also with a constant external 
magnetic field. There were no other variables. In
the case of a one-dimensional lattice in a constant 
magnetic field, Ising succeeded in evaluating the 
partition function exactly and confirmed that a one­
dimensional system cannot exhibit spontaneous 
magnetisation. Such effect could only be observed in
two and three dimensions for which an exact solution was 
not possible until Onsager's famous solution of a two- 
dimensional system in a zero external magnetic field 
[Huang 1987]. The three-dimensional case remains
unsolved to this date.
It was soon recognised that by changing the 
definition of the spin numbers Ising's approach could be 
used to examine other physical problems, notably lattice
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gases and binary alloys [Hill 1956]. An exact
equivalence between the Ising magnet and a one­
dimensional lattice gas can be obtained by interpreting 
an up spin as an occupied site and a down spin as an empty 
site. Similarly, if the up (down) spin is associated
with a site occupied by a molecule of type A (B) then the 
basic Ising model can also be interpreted as a model for a 
binary AB alloy [Hill 1956]. Several other
interpretations of the basic Ising model have been 
outlined by Thompson [1971]. The accessibility of an
exact equation of state for a one-dimensional system has 
naturally attracted considerable attention in diverse area 
[Lieb and Mattis 1966] . Here, we only mention the
applications to bulk fluids but the list is not intended 
to be exhaustive.
The most frequently quoted reference on single 
component one dimensional assemblies is the work of 
Tonks[193 6 ] on noninteracting hard rods. However,
according to Rowlinson[1986], the examination of 
one-dimensional hard rods dates back to Rayleigh. Single 
component assemblies with arbitrary nearest neighbour 
interactions were considered by Takahashi [1942] and were 
shown to be incapable of a phase transition. 
Subsequently Van Hove [1950], without actually deriving 
the equation of state, showed that a phase transition 
cannot occur provided the range of interactions remains 
finite . The equation of state for systems with longer 
than first neighbour interactions have also been reported 
but only under restrictive conditions. For example,
Temperley [1944] using range-independent interaction 
energies succeeded in deriving the equation of state with 
both first and second nearest neighbour interactions 
included. In an elegant article Rushbrooke and
Ursell [1947] managed to derive the equation of state for 
any finite number of nearest neighbours with 
range-independent interaction energies. Using the same
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assumption. Runnels [1965] presented the equation of state 
for one dimensional clusters interacting both within each 
cluster and also between neighboring clusters.
The works of Temperley [1944], Rushbrooke and 
Ursell [1947] and Runnels [1965] are based on the concept 
of a regular lattice with a constant interaction energy 
between the 1 st, 2 nd and higher nearest neighbours. 
Takahashi's work [194 2] on the other hand, although 
concentrating on the nearest neighbours alone, does not 
employ a lattice concept and incorporates an arbitrary 
interaction potential which varies with the relative 
distance between the molecules. The approach most
closely related to our formulation, however, is due to 
Longuet-Higgins [1958] who employed a constant pressure 
ensemble previously considered in detail by 
Byers-Brown [1958]. We shall have more to say about this 
ensemble in the next section.
Multicomponent one-dimensional assemblies have on the 
whole received less attention. The most comprehensive 
treatment, based on a regular lattice with fixed-range 
interactions, is due to Rushbrooke and Ursell [1947] who 
derived the equation of state for any number of components 
interacting up to any finite number of nearest neighbours. 
Binary fluids with nearest neighbours interacting through 
arbitrary potentials have been examined by Prigogine and 
Lafleur [1954] and Kikuchi [1955]; these authors
employed different mathematical techniques to derive the 
same equation of state. Multicomponent one-dimensional 
fluids with arbitrary nearest neighbour interactions were 
also considered by Longuet-Higgins [1958]; the
mathematical approach used by Longuet-Higgins [1958] is 
refreshingly compact but draws heavily on the concept of a 
constant pressure ensemble [Byers-Brown 1958]. This
concept is also central to our formulation and will be 
considered in some detail below.
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2.2 THE CONSTANT FORCE ENSEMBLE
The derivation of an exact equation of state for a 
one-dimensional bulk fluid is facilitated through 
the use of a constant pressure (T,P,N) ensemble 
considered in detail by Byers-Brown [1958]. In a one­
dimensional fluid it is more appropriate to think of 
"force (or tension)" and "length" instead of the usual 
pressure and volume variables associated with three 
dimensional fluids. The development below follows the
more general treatment of Byers-Brown [1958] except that 
we speak of "force" in place of pressure and employ 
"length" as its conjugate extensive variable. We also
employ the quantum-mechanical language used by 
Byers-Brown [19 58] because the basic idea is more simply 
presented in such terms. The same conclusions can be
reached through classical mechanics but through much 
longer arguments [Byers-Brown 1958]. Here, we rely on
the well known fact that the classical results are 
approached asymptotically in the limit of large quantum 
numbers [Hill 1960].
Consider a closed system of N molecules arranged 
on a line of actual length f . The conventional
canonical (T,2,N) ensemble for this assembly consists of 
a large number of identical systems each with N 
particles confined to exactly the same length f . These 
systems are distributed such that the probability of 
finding a system in the n^^ eigenstate characterized 
by energy U^(f) is proportional to exp (-U^(iE)/kT) . The 
fundamental equation for this ensemble gives the 
statistical analogue of the Helmholtz free energy F(T,iE,N) 
[Hill 1960],
exp (-F/kT) = y exp{-U (2)/kT) (2.1)
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where the summation is over all possible eigenstates. 
This ensemble implies that for each eigenstate the 
eigen-force is adjusted such that each system occupies 
an identical length f . The (T,iE,N) ensemble
therefore exhibits a fluctuation in the force  ^ .
As an alternative to the canonical ensemble we can 
envisage a (T,^,N) ensemble in which each member of the 
assembly experiences an identical force  ^ [Byers- 
Brown 1958]. For this to be possible, each system must
have an eigen-length jg which is adjusted to give 
exactly the same force § for each eigenstate. This
implies that the energy in the n^^ eigenstate
depends on the eigen-length such that [Byers-
Brown 1958],
dU (f )
djg for all n (2 .2 )
In the (T,#,N) ensemble, therefore, it is not the force f 
but the length which fluctuates. However, we shall see 
that in the thermodynamic limit of large N such 
fluctuations are very sharply centered about a mean value
1  .n
We can now define an eigen-enthalpy H (^ ) for the 
(T,#,N) ensemble. The natural choice for this definition 
is.
H^(f) = U^[2^(f) ] + (2.3)
This is because with H defined in this way, thenderivative dH (i)/d§ is by definition equal to the 
eigen-length jg . If the force § in the (T,^,N) ensemble 
is identified as the intensive spreading variable in the 
adsorbed phase, the above definition of enthalpy is also
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consistent with that suggested by the classical 
thermodynamic approach reviewed in Chapter 1.
The fundamental equation for the (T,^,N) ensemble 
is given by [Byers-Brown 1958, Hill 1956],
exp(-G/kT) = y exp{-H^ (^)/kT) (2.4)
where G(T,^,N) is the statistical analogue of the Gibbs 
free energy and the summation is again over all 
eigenstates. The probability of finding a system in
the n^^ eigenstate in the (T,^,N) ensemble is therefore 
proportional to exp{-H (f)/kT}.
It has already been noted that the length f is a 
fluctuating quantity in the (T,f-,N) ensemble and we now
consider the extent of its fluctuations. The
macroscopically measurable length f(T,^,N) is a
statistical average over all members of the ensemble.
f d G I = T jg exp{ (G-H )/kT} (2.5)Jt ,n " "
Differentiation of (2.5) with respect to | gives.
f ajg 1 , 82.n , 82. , ( 2  - 2  )n n (2 .6 )I a# J I af JT,N I a# J kT
As pointed out by Byers-Brown [1958], we can express the
fluctuations in terms of the thermodynamic isothermal 
compressibility /c(T,^,N),
K(T,LN) =
jg
r 8 jg ]n
~âT~ N,T
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and the mechanical compressibility of a system in the n 
eigenstate <c (f ,N) ,
th
f 82
N
to arrive at,
, ( 2  - 2 )^ \n n
(2 ) 2
kT
(2 ^ ) 2 k2  - /c 2n n n (2.7)
Now, for an ideal gas k is of the order 2/NkT and real 
fluids away from critical and two-phase regions are also 
expected to show a similar dependence. It follows that
kTK/2 is of the order 1/N and the fluctuation in 2 isntherefore negligible for large values of N.
The relationship between the canonical (T,2,N) and 
the constant force (T,#,N) ensembles is best obtained by 
rewriting (2.4) as a double summation over the permissible 
eigen-energies and eigen-lengths,
exp(- G/kT) = X X exp(-[U_^(g,) + fi?,]/kT) (2.8)
n g
The partition function for the constant force
ensemble is related to that for the (T,2,N) ensemble.
^ exp (-F/kT) = y exp(-U^(2)/kT) (2.9)
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by performing the summation over the eigen-energies in 
(2.8); so that as expected [Hill 1956],
= exp(-G/kT) = X exp(-fJe^/kT) (2.10)
I
The quasi-classical analogue of equation (2.10) is
obtained by replacing the summation with an integration in 
the limit of large quantum numbers.
f“exp(-G/kT) = J exp ( -F/kT) exp ( -#2/kT) d2 (2 .1 1 )
The above expression was also derived directly by 
Byers-Brown [1958] through lengthy classical arguments. 
The application of the constant force ensemble is 
considered next.
2.3 THE EQUATION OP STATE : Pure Adsorbates
We now turn to the derivation of the equation of 
state for a single component one-dimensional adsorbate. 
The adsorbate is considered as a fluid subjected to an 
external field created by the solid and exerted along the 
pore. In order to arrive at a closed form equation of 
state it is necessary to make highly idealised assumptions 
about the breakdown of the total potential energy. The 
total potential energy, u ( ,  z^ , . . . , z^), for the one­
dimensional assembly is taken as.
"(=1 'Z2 .....................................+i =1 i < j
i<j i<j
(2.12)
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where u^(z.) denotes the (vertical) interaction of a
molecule located at position z .with the external field and
u , u , and u represent the lateral interactionij i- j i..j ^energy between the first, second, and third nearest 
neighbours respectively. Here we have assumed that the 
interaction energies are pairwise additive but the lateral 
interactions may depend on the relative distance between 
the respective pair of molecules.
The most critical assumption in our development 
concerns the vertical interaction energy u^(z^). The 
strength of this interaction is assumed constant and 
independent of the position z. so that u^(z.)=-E^. The 
negative sign is introduced so that by convention a 
positive value of E^ denotes an attraction. The adsorbate 
considered here therefore identifies with a fluid 
subjected to a homogeneous (constant) external field. It 
is only under this highly idealised assumption that the 
vertical and lateral interactions can be completely 
decoupled.
From a practical view point, the above idealisation 
may be approached, at least approximately, in a 
sufficiently narrow pore. We can picture the situation 
for an isolated molecule and a structureless cylindrical 
pore by the conceptual sketch shown in Figure 2.1. The 
potential energy field from the walls begin to overlap as 
the pore/molecule size ratio, D/a, is reduced. For
values of D/cr < 2 this overlap is sufficient to produce a 
single deep minimum located at the pore axis. Molecules 
confined in such an ideal pore would tend to line up at 
the axis and may be visualised as a one dimensional 
assembly. This conclusion has also been verified by the 
calculations of Everett and Fowl [1976] who took the 
atomic structure of the solid into account.
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D# #
D/cr>2 KD/cr<2
Fig. 2.1 The interaction potential for an isolated 
molecule in a structureless pore.
As a second critical assumption, we include only 
the nearest neighbour lateral interactions. The total 
potential energy then takes the much simplified form,
" ( = . ' = 2  V  1 Ï  =1 = 1 i<j (2.13)
Ignoring the second and higher neighbour lateral 
interactions is only valid at sufficiently low density; at 
higher densities longer range interactions could make an 
appreciable contribution. We avoid such complexities
by interpreting the u^ ^ in (2.13) as an effective pair 
potential which incorporates the contribution from the 
more distant neighbours implicitly. We also avoid an 
explicit inclusion of the three body effect caused by the 
perturbation of the lateral interaction between an
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isolated pair placed close to a solid surface [Steele 
1974, Sinanoglu and Pitzer I960]. Any such effects are 
also understood to be implicitly included in the effective 
two body interaction used in (2.13). It is clear that 
with such gross approximations the effective pair 
potential in the adsorbed phase may well deviate from that 
observed in the bulk fluid. (To avoid notational clutter 
the superscript is dropped from now on.)
The Helmholtz free energy F(T,f,N) for an assembly 
of N molecules arranged on a linear line of length is 
given by [eg Takahashi 1942],
exp(-F/kT) = 1 2 1 5 1 ^  r...[exp{-u(z ,z ,...z )/kT)A N! Jo Jo  ^  ^ "
X dz ...dz (2.14)1 N - 1 ' '
Here, A represents the de-Broglie thermal wavelength, 
which is a function of temperature alone,
A(T)= ------  —  (2.15)(27mkT)
and arises from the direct integration over the momenta. 
The symbol j(T) represents the internal partition function 
of a molecule and is also a function of temperature alone. 
For the simplified potential (2.13), the vertical 
interactions can be separated out and the Helmholtz free 
energy F(T,f,N) expressed as.
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e(NGs/kT)expC-F/kT) = 2JJ— U   --------- ... exp{-[u(z ~z ) +A N1 J 0 Jo
u(z^-z^) + ... + u(z^-z^_,)]/kT)dz^...dz^_^
(2.16)
where u(z^-z^ ^) is the interaction energy between an 
adjacent pair of molecules at a separation of (z^-z^ ^).
The above integral can be divided into N! equal 
parts by restricting the molecules to lie within definite 
ranges between neighbouring coordinates rather than at any 
position along the line. The coordinate z. are thus
restricted such that,
0 : S Z  < Z : S . . . < z < i P0 1 N
(2.17)
(Z^-Zo) + (z^-z^) + ... + (z„-z„_,) = iS
and (2.16) can be expressed as [eg Takahashi 1942],
exp(-F/kT) = iiiliJ si îi i r^”exp{-[u(z -z ) +A J 0 z J z ‘ °1 N - 1
u(z^-z^) + ... + u(z^-z^_^)]/kT)dZj...dz^_j
(2.18)
At this point it is more convenient to revert to the 
relative coordinates defined by.
=1- 1 (2.19)
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and in these relative coordinates we have,
exp(-F/kT) = — 5-- !-------- !.. "exp{-[u(r ) +Jo Jo Jo
u(r^) + ... + u(r^)]/kT)dr^...dr^ ^
(2 .20)
subject to
0 :S r :sr...:sr £1 2  N
r + r 4- ... + r = f1 2  N
(2.21)
The evaluation of F(T,2,N) is complicated by the 
restriction (2.21). It is this difficulty which can be 
avoided by resorting to the (T,#,N) ensemble described in 
Section 2.2.
The quasi-classical partition function for the 
(T,^,N) ensemble is given by,
exp (-G/kT) = J exp(-F/kT)exp(-#f/kT)df 
r”= exp(-f2/kT)d2 cf(2.11) ^0
Substitution of equation (2.20) and restriction (2.21) 
into (2 .1 1 ) leads to:
32
N (NE /kT) „00 - ^1ri fTn e'^ ^  r r rexp(-G/kT) = -LLLbU 1--- !  ... exp(-[u(r )+fr ]/kT)A J qJo J q
exp{-[u(r^)+^r^ 3/kT)...exp(- [u(r^) ]/kT}
dr ...dr, (2 .2 2 )1 N ' '
Now, for a short range potential u(r), the above integrals 
are insensitive to their upper limits which can be 
replaced with oo. It is then easy to show that (2.22)
reduces to the following form,
ri (T) e f f'” ] Nexp (-G/kT) = — U  -----------  exp{- [u (r ) +#r ]/kT}drA  ^ Jq j
(2.23)
The equation of state for a pure one-dimensional 
adsorbate is obtained by inserting the definition of the 
Gibbs free energy,
G = NjLi and jLt = kT&iA, (2.24)
where ju and X are the absolute chemical potential and 
activity respectively, into equation (2.23) and can be 
expressed as:
A(T,^,X)= ~a /'t )' I exp(-[u(r)+f.r]/kT)dr j-1 =0
(2.25)
All other thermodynamic property densities of the one­
dimensional adsorbate can be derived from the above 
equation of state.
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The simple expression (2.25) is the equation of 
state for a pure one-dimensional adsorbate with arbitrary 
nearest neighbour interactions in a constant external 
field. Here we note that by the turning off the external 
field, E^= 0 , we recover the equation of state for a 
one-dimensional bulk fluid derived by Longuet- 
Higgins [1958]. The equation of state for special
cases, for example hard rods, is simply obtained by 
substituting the appropriate form for the pair potential 
u(r) and performing the integration. We shall consider a 
number of special cases, some of which yield an analytical 
equation of state, in the next Chapter.
All the thermodynamic properties, for example 
internal energy, free energies, enthalpy, entropy, and the 
various heats of adsorption can be derived from the 
equation of state (2.25). In this respect, the integral 
in (2.25) and its various derivatives play an important 
role and it is therefore convenient to define a new 
auxiliary function T? (T,#) by.
T) (T,#) = I exp {- [ u ( r ) +#r ] /kT ) dr (2.26a)
The equation of state in terms of t](T,^) takes the form.
A(T,f,X)= j (T) V ( T , i )  -1 =0 (2.26b)
From classical thermodynamics we know that the variations 
in the intensive properties T, # and A are related through 
the Gibbs-Duhem equation.
WlcT HdA + dT - f d# = 0 (2.27)
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We can obtain another relationship by taking the total 
derivative of the equation of state A(T,|,A) = 0 ;  for 
small changes consistent with equilibrium, this leads to.
dA = faA 1 . fSA 1W  Jt ,^  J dT +
fôA 1la# J d# = 0T, A (2.28)
The thermodynamic property densities of the adsorbate are 
obtained by comparing the ratio of the coefficients in 
equations (2.27) and (2.28). For example, the number 
density, N/2, is given by.
(dA 1ÔA
-kT (dA 1la# JT,A
î)(T,#)
•kT f a7?(T,f)la# T,A
similarly, the enthalpy per molecule, H/N, takes the form.
TH
(dA ][aT J
NkT faA[aA J T,#
E
kT + a£n[T7 (T,#) ] dinT
Other thermodynamic properties can be found from the 
formulae of classical thermodynamics. A table of the 
various properties in terms of 17 (T, )^ and its derivatives 
is presented after considering multicomponent adsorbates.
2.4 THE EQUATION OF STATE: Multicomponent Adsorbates
We now consider the equation of state for a 
one-dimensional assembly of N molecules containing N
molecules of type A, molecules of type B etc. AAs
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before we shall only consider effective nearest-neighbour 
lateral interactions and take the vertical interaction 
between a molecule and the external field to be a constant 
and independent of position or composition. The vertical 
energy of interaction for a molecule of type A will be 
denoted by E and that for a molecule of type B by E .AS ^  BSThe total number of Ij pairs in the assembly will be
denoted by N and we shall use r^ ^^  to denote theJ th 'Jrelative distance between the k pair of ij molecules;
the lateral interaction potential for this pair will be
represented as u_(r^^). We also note that the
possibility of u_ ^ u_ is not explicitly excluded in the
following treatment. To obtain the correct vertical
contribution to the total potential energy it is necessary
to assume a particular direction for counting the pairs.
Here we adopt a left-to-right direction, so that an AB
pair contributes E and a BA pair E . With the above
^  AS ^  OSnotation, the total potential energy of the assembly can 
be stated as.
N. N
i=A , B, . . . 1 7f =  1
N ^  N
k kJ  “ a b(^*b> '^b a (^ba) + ••• (2.29)k=i k=i
It is convenient in this section to consider only the 
configurational part of the partition function. The
kinetic part can be factored out and easily reinstated 
where necessary.
The canonical partition function of a 
one-dimensional assembly with the total potential (2.29) 
can be stated as:
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exp(“F/kT) = ^ exp{[N^E^s+NBE,s+. ]/kT) X
exp4 -
N A A N B BJ +J UBs(rBB)/kT +k = 1 k = 1
N N
k=i k = 1 )
X dr^ dr^ dr^ dr^A A  B B  A B  B A (2.30)
The evaluation of the above partition function is subject 
to two restrictions. The first restriction is on the
range of the integrations and arises because each member 
of the ensemble is restricted to occupy the same identical 
length Ï.,
N . N
AA BB AB BA £ (2.31)
The second restriction is a combinatorial one since the 
summation in (2.30) is over all distinguishable ordering 
of the molecules subject to,
(2.32)
The restriction over length f (2.31) can be evaded 
by considering a constant force (T,^,N^,N^, . . . ) ensemble 
in much the same way as for the pure adsorbate. The
partition func 
obtained from.
tion for the (T,#,N^,N^,...) ensemble can be
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Q(T,^,N^,N^, . . .) = exp{-G(T,^N^,N^,...)/kT) =
f”exp{-F(T,2,N^,Ng,...)/kT} exp(-#2/kT)
° (2.33)
The above relationship can be expanded by substituting 
equations (2.30) and (2.31) and collecting all the like 
terms,
Q(T,f,N^,Ng,...) = exp{-G(T,f,N^,Ng,...)/kT) =
0 * 0
exp{ - Tf k=i /kT) X
N B Bexp( - y
k=i
N A Bexp( - y
k=ï
/kT} X
/kT) X
N B Aexp{ - y
k=i
/kT)
dr^ dr^ dr^ dr^A A B B  A B B A (2.34)
Now, for short range potentials u.^, we may replace the 
upper integration limits with oo and (2.34) can be written 
in the more compact notation.
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Q(T,f,N^,W^, . . . ) = exp(-G/kT) =
I n n1 J
^Eis/kT c ) dT“
_
tiXIJA r U.i*
0 I kT J J
(2.35)
The restriction (2.31) over the length f is thus removed 
but we are still unable to evaluate the partition function
(2.35) due to the combinatorial restriction (2.32).
In the conventional application of statistical 
mechanics combinatorial problems are usually overcome by 
resorting to a grand-canonical {T,£,X) rather than a 
canonical (T,#,N) ensemble. By analogy, we could
construct a constant-force grand (T,^,A) ensemble in which 
the number of molecules are not directly specified but are 
determined implicitly through the prescription of the 
activities À  ^. We must recognise, however, that such an 
ensemble which only contains purely intensive parameters 
is a specialised one. The special nature of the (T,^,À) 
ensemble arises because the variations in the intensive 
variables T,# and A. are related through the Gibbs-Duhem 
equation,
kT y N.d£aA.+ dT - 2df = 0 (2.36)
In other words T, | and A. cannot be varied independently 
and must be related through a relationship which is in 
fact the equation of state. It is also clear that the 
(T,|,A) ensemble does not explicitly contain an extensive 
variable to limit the size of the system. The partition 
function for the (T,|,A) ensemble will therefore be 
unbounded and as such cannot be evaluated. However, we 
shall see that the equation of state for the 
one-dimensional system can be obtained by examining the
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divergence characteristics of the (T,^,A) partition 
function.
The properties of ensembles with purely intensive 
variables, often referred to as generalised ensembles, 
have been discussed by Hill [1956]. The special nature 
of a generalised ensemble is perhaps best illustrated by 
considering the transformation between the various 
ensembles in very general terms. For any ensemble with 
an extensive property g we can define a partition function 
Qg and an associated thermodynamic potential We are
interested here to transform from an ensemble in which the 
extensive variable g is fixed to another one in which its 
conjugate intensive variable f is held constant; the 
partition function and thermodynamic potential for the 
latter ensemble will be denoted by and The
standard way of transforming between these ensembles is 
through the relations [Hill 1956, Allen and 
Tildesley 1989],
= Qg exp(-Sf) dS
(2.37)= ’^g + 3'f
Consider the above general prescription when 
applied to the transformation from a (T,|,N) to a (T,f, A) 
ensemble. For simplicity we shall consider a single
component system. In this case ^g = G/kT and the
conjugate intensive variable to N is -&i(A) so that.
= Qg exp(N^n-A) dN
(2.38)
= G/kT - N£nA = 0
The last relationship follows from the definition of Gibbs 
free energy G = NkT&iA ; the thermodynamic potential for
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the (T,i,X) ensemble is therefore identically zero. This 
emphasises that a generalised ensemble with purely 
intensive variables does not have an associated 
thermodynamic potential. Put another way, the partition 
function is unbounded and cannot be evaluated. We
cannot expect to calculate the extensive properties from a 
generalised ensemble but the property density values are 
well defined and can be readily calculated [Hill 1956].
There are many possible routes to the generalised 
(T,^,A) ensemble and hence the equation of state for the 
one-dimensional multicomponent adsorbate. The most
direct route is perhaps that considered by Longuet-Higgins 
[1958] who started from a grand-canonical (T,#,A) 
ensemble; we shall follow his procedure closely. The
grand canonical partition function for the one-dimensional 
assembly can be stated as.
Î  Ï  • • • I VN =0 N =0A B
(2.39)
and in the thermodynamic limit converges to [Hill 1956],
Z(T,2,A^,Ag,...) = exp(f*jg/kT) (2.40)
Here we have temporarily introduced the superscript * on 
the force  ^ to emphasize that is the equilibrium value
of the force The evaluation of the Helmholtz free
energy F(T,f,N^,N^,...) from equation (2.39) is subject to 
the restriction (2.31) on the length £. This
restriction can be evaded by introducing an arbitrary 
positive variable 9= with dimensions of force and summing 
over the length £ [Longuet-Higgins 1958],
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Z exp(-92/kT)d2 (2.41)
0
We remark here that if 9= is set equal to the equilibrium 
value ^  then (2.41) turns out to be the partition 
function for the generalised (T,^*,A ,...) ensemble.* A BNow, for values of ^ greater than # the integral (2.41) 
converges to kT/ (9=-^ *) but for values of ^ less than f  
the integral is clearly divergent. The integral (2.41)
is also divergent when ^ = C  which is another 
manifestation of the special nature of the generalised
(T,#*,A ,A ,...) ensemble. As it stands therefore,A B ^the integral (2,41) with 3^ =  ^ is divergent and of little 
practical use. However, we can obtain the equation of
state by first evaluating the integral for values of
3 > {‘ and then considering the limit as 3 is allowed to
approach f ,
Following Longuet-Higgins [1958], we start by 
defining a function 'î'(T,3^,N^,N^, . . . ) ,
*(T, 9= . N^,Ng,. . . ) =
) p E . /kT CO jy n n e exp{-[u (r)+3^r]/kT} dri j L *^ 0 -I (2.42)
which has exactly the same form as the partition function 
for the constant force ensemble [see Eqs, (2.33) and
(2.35)] except that  ^ is replaced by the undetermined 
arbitrary variable 3, The integral (2.41) can then be
expressed as the following multiple summation.
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00 œ N NT(T,f,A^,A^,...) = ^ X ..-l a /  Î'(T,?,N^,N^,...)
N =0 N =0A B (2.43)
This multiple summation can be expressed as a single sum 
over a number of similar terms. This is done by first
defining the individual term Ï by,N
N N
Ï Ï - - - Ï  a /  ^ 3 '* ••• (2.44)
N NA B
subject to,
Na  + Ng + ... = N (2.45)
Summation (2.43) can then be written as the single sum,
COÏ = I T^(T,9,A^,Ag,...) (2.46)
N =  1
Referring to (2.44) and (2,45) we see that each term is 
defined for a total of N molecules but we do not need to 
know the individual N^,N^, . . . values precisely other than 
that their sum is N, Each term may therefore be
considered as a particular ordering of N molecules of 
arbitrary species. Clearly, we can evaluate the sum
(2.46) if we are able to enumerate each individual term
The evaluation of the individual term Ï defined inN(2.44) is complicated because 'î' is expressed in terms of 
the number of pairs N.^  whereas the summation in (2,44) is
over arbitrary values of N^,N , , , , subject to
Na+ N^+ . , . = N, This difficulty is evaded by noting that 
in the left-to-right counting convention adopted here,
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N = N + N + N +  . . .A AA AB AC
N = N + N + N + . . .B BA BB BC
N = N + N + N +  . . .c CA CB cc
(2.47)
We are thus able to express each N. in terms of the number
of appropriate pairs N _ . The individual term can
thus be written as,
Z I I I •*' I *(T,^,N^J^^...)
^AA ^AB ^BA ^BB (2.48)
subject to,
AA + + «AC + ...) +
1BA + •'bb + Nbc + ...) +
1CA + Ncb + ”cc + ...) + , , , = N (2.49)
At this point it is convenient to introduce a new 
function.
r”-n^ (^T,3^ ) = J exp(-[u_ (r)+9=r]/kT} dr.
which enables (2.48) to be expressed as.
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N  N  N  NA A  A B  A C  B A
A ^BA  ^ ^BB ^BC(^B^BS) (%B%BC) - - (2.50)
The À . appearing in the above equation is given by 
A  ^E i s / k TA^  = A.e ' /A^. The de-Broglie thermal wavelength
A. (T) arises from reinstating the kinetic contributions 
which is best done at this point.
The value of in (2.50) is obtained by taking
each particular configuration satisfying. restriction 
(2.49) in turn and summing over all the pairs appearing in 
that configuration. Clearly, we shall get the same
answer if instead we take each particular pair in turn and 
sum over all the configurations satisfying (2.49). This 
allows the summation (2.50) to be stated in a slightly 
more accessible form.
I I ••• Z
a = A , B , C , . . .  b = A , B , C , . . .  n = A , B , C , . . .
(2.51)
Each of the N suffixes a,b,...,n now denote a particular 
species and each summation is over all the possible 
species. For large values of N, the summand in Eq.(2.51) 
can be expressed as the trace of a matrix with M
defined as [Longuet-Higgins 1958, Hill 1956],
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M =
^ A^AB / ^ a ’^a c '
A A
^ B ^ B A  ' ^ b ^ bb / ^ B ^ B C '
A A
^ ’’CA ' ^ C ^ C B / ^ C ^ C C ' . . .
. . .  , • 0 O / . . .  , • a •
(2.52)
Here we note that the restriction to large N can be 
removed if we either adopt periodic boundary condition or, 
as suggested by Longuet-Higgins [1958], arrange the N
molecules on a circle rather than a line. We can now
take advantage of the fact that the trace of the power
of a matrix equals the sum of the powers of its
eigenvalues [Biggs 1971]. If we denote the eigenvalues
of M by 0^,©^, ... we can express the term as,
T = ©^ + ©^ +N 1 2
The desired function T can then be expressed in terms of 
an infinite series by summing over all values of N,
(2.53)
The above series is convergent, if and only if, the 
absolute value of each individual eigenvalue is less than
unity, - 1  < © < + 1 . This corresponds to the case where
3 > I and the series can then be expressed as.
0T = © +
©
1- ©
+ (2.54)
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From our previous discussion we know that Ï diverges as 
the arbitrary variable 3 is allowed to approach the
equilibrium value § , In this limit, the sum Ï
identifies with the partition function for the 
ensemble which is unbounded. For I(T,^ ,A^,A^,...) to
be divergent it is sufficient for any one of the
eigenvalues of the matrix M to be equal to unity. In
such a case, however, the determinant of the matrix [M-I] 
must vanish which leads to the equation of state:
^ b” ba = 0 (2.55)
Here we note that the superscript * has been dropped, A 
, and the functions ti. . are given by.ijr exp(-[u_ (r)+^r]/kT) dr (2.56)
The function tî.j(T,^ ) for an identical pair is the same as 
the auxiliary function v [see Eq.(2.26)] which arouse in 
the examination of the pure adsorbate.
Equation (2.55) is the equation of state for a 
one-dimensional multicomponent adsorbate with arbitrary 
nearest-neighbour interactions in a constant external 
field. It is noteworthy that setting the activities
for all but one component to zero leads to the equation of 
state for the pure adsorbate (cf 2.26). The transition 
between single and multicomponent adsorption is therefore 
automatic. The thermodynamic property densities of the 
multicomponent adsorbate are obtained as before by 
comparing the coefficients of the Gibbs-Duhem equation.
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V HkT y —  dA.+ dT - 2df = 0 (cf 2.36)
1 1
with those of the total derivative of the equation of 
state,
Ï dT + = 0 (2.57)
A summary of the formulae for the various thermodynamic 
properties of pure and multicomponent adsorbates in terms 
of the auxiliary function 17. ^ (T,^) and its various 
derivatives is presented in the next section.
2.5 THERMODYNAMIC PROPERTIES OF ONE-DIMENSIONAL 
ADSORBATES
We conclude this chapter by giving a summary of the 
important thermodynamic properties for pure and 
multicomponent one-dimensional adsorbates. All the
property densities can be obtained in terms of the 
auxiliary function,
r”.j(T,f) = J exp{-[u_ (r)+^r]/kT) dr cf (2.56)
and its various partial derivatives with respect to  ^ and 
T. The properties of interest can be expressed in terms 
of the following closely related integrals each of which 
is a function of T and £ alone.
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Table 2.1 Table of auxiliary functions
ri. . (T,n = J exp{-[u^.(r)+^r]/kT} dr
= -kT
T
r“J r exp{-[u_ (r)+|r]/kT) dr
= -kT
T
r" 2= J r exp{-[Ugj(r)+#r]/kT) dr
T f ÔTî..(T,mdT kT j
u (r)  exp{-[u^j(r)+#r]/kT) dr
= T
=  I,
f ôT,;.(T,ni
ST
U . ,(r)
kT
kT exp(-[u^j(r)+#r]/kT} dr
The double subscript ij on the above integrals denote the 
particular nearest-neighbour pair under consideration, eg 
AA, AB, BA, BB etc. , and the superscripts  ^ and " 
represent partial differentiation with respect to either  ^
or T. Given the value of  ^ and the specific functional 
form of the interaction potential u^^, the integrals are 
readily evaluated by numerical quadratures. For the
simple hard-core and square-well potentials the 
integrations are analytic.
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2.5.1 Thermodynamic Property Densities
The thermodynamic property densities of the pure 
one-dimensional adsorbate are obtained by comparing the 
coefficients of the Gibbs-Duhem equation,
N°kT H° ^ -- dX° + -ç^dT - = 0 cf(2.27)
with those in the total derivative of the equation of 
state.
dA = dx°+
3xjT,f^
(ôA ^ST dT+[— ] df= 0 cf (2.28)
The molar length per molecule (inverse of the number 
density) is given by inspection as.
-kT
N
■af
-kTT,A
S77AA
d f
71AA
(2.58)
The fractional coverage 8  ^ for a molecule of size may
then be expressed as.
0  = A £
a 7}A A AA (2.59)
71A A
The enthalpy per molecule is also given by direct 
inspection,
r O
A
SAST
kT 0 f SA
A
E A SkT + alnT (2.60)T,f
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other thermodynamic properties can be obtained through the 
classical thermodynamic relationships. The expressions
Helmholtz free energy, F°, Gibbs 
entropy, S° are summarised in
for internal energy, 
free energy.
Table 2.2.
and
Table 2.2 Summary of Thermodynamic Properties for a 
Pure One-Dimensional Adsorbate
Property per molecule From
length —^  
 <
Gibbs - 0free aenergy kT
H°Enthalpy
internal a  energy kT
Helmholtz F°freeenergy
entropy — ^
A A
71 A A
( - ^ 1 -
E A SkT
E A SkT + A A71 A A +
0^0 
A AkT
1 ,
2 kT ^ aa
fn ^A 1 L s” aa j kT kT
0 0 
A A"T t" £n
A
1?A A
(2.58)
(2.26)
(2.60)
Ü"AkT
H°A ^  A AkT kT
G°A ^ A AkT kT
kT
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The property densities for a multicomponent 
adsorbate are obtained in the same way. For example, in 
the case of a binary adsorbate, the coefficients of the 
Gibbs-Duhem equation.
kTN kTN
B
—  dXg + -” dT - 2df = 0 (2.61)
are compared with those in the expansion of the equation 
of state,
dA = r SASAA^T,L A dA + SA T,f,X
8 A 1
dA +B r sAST dT +
df = 0 (2.62)
The individual adsorption of A and B are given by.
r N.
£
SA
-kT
A I SA
SA
T,f,A
B SA T,f ,A
-kT
(2.63a)
(2.63b)
and the adsorbed phase mole fraction is therefore,
SA
N A SAA^T,f ,A,
N + NA B SA 4- > a h  ]A
(2.64)
The partial derivatives in the above expressions can be 
related to the auxiliary functions of Table 2.1 by the
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formal differentiation of the binary equation of state 
[see Eq.(2.55)],
- 1  =  0 
(2.65)
where . For example, the individual
adsorption of A and B and the adsorbed phase composition
can be expressed as:
£
^AA^BB ^AB^BA
77 T l '  +  1) 7}' -77 7)' -  7)' 7)A A B B  B B  A A  'A B  'b A A B  B A
(2 .6 6 a)
£
7) 77 -  77 77A A  B B  A B  B A
^A’’l A + V ; B - ^ A \ h A A ’>;B+ ’’b B^ ’Ia"^ AB^L" ”1b^BA
(2 .6 6 b)
=
Vaa “ A AA B y ^ A A ^ B B  ^ A B ^ B A
+ V bb - 2 V b 77 77 -77 77A A  B B  ' A B  'bA^
(2.67)
The enthalpy per molecule can also be obtained by simple 
inspection of (2.61) and (2.62) and is given by,
SA 1T STH
(N + N )kT' A B' SA "SÂ1S A
(2 .68)
T,f,A
Here again the partial derivatives can be related to the 
auxiliary functions in Table 2.1 through straight forward 
but tedious differentiation of the equation of state. All 
other property densities can be obtained through the 
classical thermodynamic relationships.
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2.5.2 Number of Pairs and Local Composition
A significant advantage of the thermodynamically 
exact one-dimensional model is its ability to provide a 
measure of the (mean) local composition in the mixed 
adsorbate. The development of most theoretical models of 
adsorption relies on the random mixing assumption and in 
such cases the model cannot provide any information on the 
local composition. The one-dimensional model does not 
rest on the random mixing assumption and can yield the 
relationships between the number of AA, AB, BA, BB etc. 
pairs directly. The (mean) local mole fractions for a 
binary adsorbate are defined by:
N N N Ns A A  A A  s B B  B BX  =   r=   = -rr; — ---  : X  =AA N N + N  BB N N + NA A A  AB B B A  BB
N „ N N Ns A B  A B  s B A  B AX _ = --»-- = -rr;------- ; X_ =
(2.69)
AB N N + N  BA N N + NA A A  AB B B A  BB
and may be interpreted as follows. The total number of 
pairs which can be formed from N molecules of A is 
(N, + N ) and x gives the fraction which have a BAA AB ABmolecule on the right hand side. We also note that by 
definition,
X  +  X  = 1 (2.70)
%BB+ ^BA =  1
Under the random mixing assumption ^aa^^ a^^ ^ ^  '
N =N^/(N +N ) and N =N N / (N +N ) ; so that x® =x® andBB  ^  ' A B' AB A &  ' A B' AA A^BB~^B definition. In a non-random mixture, however, 
the asymmetrical forces between the nearest neighbours may 
lead to local compositions x^ which differ markedly from 
the average mole fraction x®.
The local mole fraction is deduced directly from 
the partition function for the constant force ensemble
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given by equation (2.35). For a binary adsorbate this 
partition function takes the form,
Q = I n ni = A, B j = A, B E. /kT N 1J (2.71)
Following Longuet-Higgins [1958], we may view Q as a 
function of the independent variables N. and alone.
Differentiating Q with respect to 77^^  while holding all 
other variables constant leads to.
V A B 8 Q577AB i = A, B j =A, B
E /kT N i j (2.72)
The average number of AB pairs, is obtained by
dividing (2.72) by Q which leads to.
Î  w.B n n (M   _  1 = A , B  j =A, B
E. /kT +ij
-
^AB =
I n ni = A , B  j = A , B
E, /kT 1)
fa^nQl
AB la^ABJ
(2.73)
The expansion of Q in terms of the independent variables 
(N., 77_) can therefore be written as.
d£nQ =  y d£nQ SN dNi = A , B  i i = A , B i = A, B
Noting that G=y N _ kT&iA.^, we also know that by definition
-N
i = A , B
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which leads to the alternative expansion.
d&iQ = - y ÊaÀ.dN. - y N d&iÀ (2.75)
i=A,B i = A,B
Equating (2,74) and (2,75), we can conclude that for any 
small changes in the accompanying changes in the
absolute activities X must satisfy.
y N.d^nX^ + y y N d^(T]^.) = 0 (2.76)
i = A ,B i = A,B j=A,B
Next we can view the equation of state (2.65) as a 
function of the independent variables X. and 77^^  alone 
which results in the expansion.
I \i = A , B ax d&iA, + I Ii = A , B i = A,B
SA 1Ô.ÙT.TJ _ — 0 (2.77)
Comparing the ratio of the coefficients of (2,76) and
(2.77) gives the local mole fraction.
N
N ij
SA
SA I , i —A , B (2.78)
The extension of the above treatment to any number of 
components is obvious and the final result is identical to
(2.78) irrespective of the number of components present. 
The availability of the local mole fractions x_ for the 
one-dimensional model is of great assistance in the 
interpretation of the thermodynamic behaviour of mixed 
adsorbate.
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2.5,3 Heats of Adsorption
Theoretical models of adsorption should ideally be 
tested against their ability to describe the isotherm and 
the heat effects of adsorption simultaneously. Detailed 
definitions of the various heats of adsorption are given 
by Hill [1950], Young and Crowell [1962], and 
Clark [1970]. The heat of adsorption for mixtures has
been recently discussed by Karavias and Myers [1991]. In 
this section we concentrate on the heat of adsorption for 
pure adsorbates. The heats most directly related to 
statistical thermodynamic models of adsorption are the 
equilibrium, AH, and integral, AU, heats. The
heats measured and reported experimentally are, however, 
the isosteric, q^ ,^ and the differential, q*^, heats of 
adsorption which are particularly sensitive to the 
mechanism of adsorption [Hill 1949].
The equilibrium heat of adsorption is defined as.
AH = H^ - H°
Taking the bulk gas as ideal, tr=5kT/2, and using (2.60) 
it is easy to show that.
AHkT 2 + A SkT 1e kT AAAA (2.79)
The integral heat of adsorption, AU, is related to AH by 
[eg Valenzuela and Myers 1989],
so that
AUkT kT e A AAkT
AUkT 2 + ASkT AA7)AA ( 2  .80)
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The isosteric heat of adsorption for a pure
adsorbate can be evaluated from,
S t
kT 6 T (2.81)0
where 0 = N cr /£ and the bulk phase is taken as an idealA A AA'gas. The partial derivative in (2.81) is obtained by 
noting that for small changes in T and
d0  = d(kT) +akT
so that at constant coverage with d0^=O,
® « > aa 1
3kT
3kT f>AA
0
constant 0  ^ (2.82)
A°-AA'':^
The connection between (a^ c^r^  ^ /3kT) and (aP/aT)^^ is 
established through the Gibbs adsorption isotherm.
d(f“o-^ A) = e^kTd(£aAp+ e.-E§-d(kT) (2.83)
For an ideal gas A^=PA^/kT and the above relation can be 
expressed in terms of the gas pressure.
d(#°(T_) = 0^kTd(&iP) + 8,'A AA' A kT d(kT) (2.84)
Dividing by d(kT) while holding 8  ^ constant.
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A A AA
akT = 8  T
r afnPl
A 8 T ^8
+ e
e .[ s; 5kT 2
constant O
(2.85)
which may be combined with (2.81) and (2.82) to give,
S t
kT P ______^  -[2 kT J
( 8 8  / 8 kT) 01  ^ *A^AA
e 0 (2 .86)
A  ( 3 e A / a f A * A A ) k T
The partial derivatives in the above equation are obtained 
by differentiation of (2.59),
akT
/ 88
A A A
71' 1A Aj
T)AA kT
kT [ K . ]
Substituting these expressions in (2.86) and making use of 
the auxiliary functions of Table 2.1 we arrive at.
q,s t
kT
q s t
kT
' Saa^aa ’1
 ^0 ^Ia^Ia - ’^ a a^ I a i
(2,87)
The first term in (2.87) is the initial isosteric heat of 
adsorption for an isolated molecule.
kT
E
=  2 + ASkT
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and the second term contains the variation of the 
isosteric heat with coverage. For an ideal gas, the 
differential and isosteric heats are related by 
[Hill 1950]:
q
kT
q s t
kT -  1
S t9. 1 ;kT J 0 1^ + E" V' - C' 7)"^ A A 'A A  ^ A A  'A A7)' 7)' - 7J 7)"A A  ' a A 'A A  'A A
(2 .88)
The formulae for the various heats of adsorption in terms 
of the auxiliary functions of Table 2.1 are summarised 
below.
Table 2.3 Heats of adsorption for a pure one-dimensional 
adsorbate.
Heat of Adsorption
equilibrium
integral
initialisosteric
isosteric
AHkT
AUkT
s t
kT
differential
s t
kT
kT
E2 + A S
2 +
kT
L s
kT
kT 1 + A AV A A
E2 + A SkT
_kT Jo
Ç'.A A
7]A A
Ç'  v "^  A A A A
s t ]kT J 0 ^1 + Ç" 7]' -  E' 7]"^  A A A A ^ A A  A A7]' 7}' - 7 }  7)"A A A A ' A A  ' A A
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2 . 6  CONCLUSIONS
In this chapter we developed an exact statistical 
mechanical analysis of a multicomponent one-dimensional 
assembly subject to nearest-neighbour lateral interactions 
and a homogeneous external field. This model can be 
employed for adsorption in a narrow pore by idealising the 
adsorbate as a linear fluid subject to an external field. 
The pertinent intensive variables for the one-dimensional 
adsorbate were identified as the absolute activity X% the 
absolute temperature T and an absolute force variable f. 
The equation of state relating (T, X% and was derived 
exactly in a form such that the influence of the vertical 
and lateral interactions were clearly separated. All the 
thermodynamic property densities of the adsorbate were 
established through the exact one-dimensional equation of 
state. The expressions for the various integral and 
differential heats of adsorption were also derived 
exactly.
A significant advantage of the thermodynamically 
exact one-dimensional model is its ability to provide a 
measure of the (mean) local composition in the mixed 
adsorbate. The development of most theoretical models of 
adsorption relies on the random mixing assumption and in 
such cases the model cannot provide any information on the 
local composition. The one-dimensional model does not 
rest on the random mixing assumption and can yield the 
relationship between the number of AA, AB, BA, BB etc. 
pairs which determine the local composition. The access 
to the exact thermodynamic relationships enables a 
detailed sensitivity analysis for pure and mixed 
adsorption in idealised narrow pore solids which is 
considered in the next chapter.
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CHAPTER 3
A THEORETICAL ANALYSIS FOR A ONE-DIMENSIONAL ADSORBATE
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3 A THEORETICAL ANALYSIS FOR A ONE-DIMENSIONAL ADSORBATE
3 . 1  INTRODUCTION
The primary purpose of this chapter is to examine 
the general behaviour of pure and multicomponent 
one-dimensional adsorbates. A sketch of the idealised
pore envisaged is shown below,
A <-------- > A <------- > B <------- > B <--------- > AI /K ^*4^ \|/
® A S  ^ A S  ® B S  ^ B S  ® A S
'----  ^ A A ---------------- ^ ^ A B ^ ^ ^ ^ B B — A ----- '
The pore is assumed to be energetically homogeneous with 
respect to each individual species. The vertical
interaction energy for a given molecule is assumed 
constant and independent of either the position along the 
pore axis or the composition of the adsorbed phase. 
Nearest neighbour lateral interactions are allowed for 
through arbitrary potentials u_(r^^) which may depend on 
the separation r_. The general equation of state for 
such a one-dimensional adsorbate was derived in the last 
chapter and its thermodynamic properties were established 
exactly. This thermodynamically exact model offers an 
opportunity for a close examination of the origin of 
negative deviation from ideality commonly observed in the 
experimental investigation of the multicomponent systems.
The first part of this chapter examines the various 
types of adsorption isotherm obtained for a pure
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one-dimensional adsorbate. In particular it is
demonstrated that the model leads to a linear isotherm at 
sufficiently low coverage and has a well defined Henry's 
constant. The two parameter isotherm expression for a 
pure hard-core adsorbate has a form similar to the Volmer 
isotherm [de Boer 1953] and the transition between 
localised and mobile adsorption on raising the temperature 
is naturally secured. Semi-analytical formulae can also 
be obtained for an adsorbate with square-well lateral 
interactions. Interesting features are observed when
attractive and repulsive square-wells are compared. For 
a more realistic lateral interaction potential, for 
example the (12-6) Lennard-Jones (KT) model, the
adsorption isotherm and heats of adsorption must be 
obtained by numerical procedures but the qualitative 
behaviour is similar to that for an attractive 
square-well,
The one-dimensional model is equally applicable to 
vapour or liquid phase adsorption. Practical liquid phase 
adsorption systems contain at least two components. 
Adsorption from a pure liquid, although important in 
validating theoretical models, is of little practical 
interest. In the second part of this chapter we present 
a sensitivity analysis for adsorption from a binary liquid 
under various assumptions. The results obtained show
that the one-dimensional model can reproduce all types of 
relative isotherms observed experimentally. More
significantly, the adsorbed phase activity coefficients 
predicted can range from strong positive to strong 
negative deviations from ideality.
Many experimental systems show strong negative 
deviations and this is normally attributed to the 
energetic heterogeneity of the solid. The
one-dimensional pore used here is hy definition
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energetically homogeneous with respect to each individual 
component. Nevertheless, substantial deviations from
ideality are predicted when the various species are 
allowed to have different vertical and lateral interaction 
energies. This is demonstrated by a numerical
sensitivity analysis for binary hard-core and LJ 
adsorbates. The one-dimensional binary LJ adsorbate can 
also exhibit some features which to our knowledge have 
not yet been observed experimentally. In the absence of a 
model, the thermodynamics of mixed liquid adsorption is 
often analysed in terms of the Adsorbed Solution Theory 
(AST) under various approximations. A critical
examination of AST for one-dimensional binary adsorbates 
reveals that under certain conditions the approximations 
employed can lead to seriously erroneous interpretation of 
the thermodynamic behaviour.
3.1.1 A Summary of the Basic Equations
For convenience a summary of the basic equations 
for adsorption from pure and binary mixtures are presented 
in this section. The general equation of state for a
binary adsorbate reduces to [see Eq.2.65],
Efts/kT_ , EBs/kT.A ® ” a a + - S —  ® ^BBA B
^A EAS/kT ^B EBS/kT r X -  ® ® Paa^bb- \ b ”baA B •“ = 1 (3.1)
The equation of state of a pure adsorbate is obtained by 
setting the activity of one component ,say to zero,
X° E /kTe " 7)_(T,f°) = 1 (pure A) (3.2)
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The expressions for the individual amount adsorbed are 
given by (see Eg.2.6 6 ),
je
V V - V VA A B B AB BA1
A 7]' +X 7]' -A X |t7 7]' +  7] 7}' -7] 7l' ~ 7}' 7)A AA E BB A B ^  AA BB BB AA 'a b 'b A A b 'b A
(3.3a)
A ^ b ’^bb - ^a^b 7] 7] - 7] 7}AA BB AB BA
7} 7)' + 71 7j' -71 71 ' - 7)' 7}A A BB BB AA AB BA AB BA
(3.3b)
A E i s /kTwhere A =A e ' /A and the various 7) and 7}' are asi i ' i 1 j 1 Jdefined before (see Table 2.1) and depend on (T and |) 
alone. The adsorption from a pure fluid is obtained
when the activity of one component, say A^ , is set to 
zero.
(pure A) (3.4)
3.2 ONE-DIMENSIONAL PURE ADSORBATES
The primary purpose of this section is to examine 
the behaviour and the thermodynamic properties, in 
particular the heats of adsorption, of a pure 
one-dimensional adsorbate under various approximations. 
The low coverage limit is considered first and is followed 
by an examination of hard-core, square-well, and 
Lennard-Jones adsorbates in turn.
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3.2.1 Low Density Limit: The Henry's constant
At sufficiently low bulk phase activity, the 
density of the adsorbate is small and the adsorbed 
molecules are far apart. We may then ignore the
contribution from the lateral interactions altogether and 
the equation of state (3.2) reduces to the analytical 
form,
- $  = 1 (3.5)
At equilibrium A° = and the force is analytic in 
terms of the bulk activity A^ ,
f°/kT = gEAs/kT^9y^ (3.6)A' A
It is convenient at this point to introduce a 
dimensionless force parameters /3^ ,^
13.. = (3.7a)
and the dimensionless coverage.
= nV  /f (3.7b)A A AA' ' '
The physical interpretation for is brought out by
combining (3.7a) and (3.7b) to give.
'°£ \ A
N°kT
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The force parameter, can be interpreted as a measure
of the work (per molecule) required in building up the 
one-dimensional assembly. This turns out to be a key 
parameter: for p « 1 , for instance at high temperatures,
the well known Henry's region is approached while, as we 
shall see later, (3 » 1 simplifies the treatment of denseA A ^mixed adsorbates. We also note that the ultimate limit 
of 0  
unity.
 ^ for any potential with a hard-core is by definition
The dimensionless analogue of the equation of 
state (3.5 or 3,6) is.
(3.8)
and the number density can be expressed as.
which after substitution for from (3.8) reduces to.
E /kT
N°/f = (3.9)
a ' a  a
As expected, at a sufficiently low bulk phase activity the 
one-dimensional model leads to a linear isotherm. For an 
ideal bulk gas (or vapour), and assuming that the internal 
degrees of freedom do not change on adsorption, we may 
substitute A^  = PA^/kT [Fowler and Guggenheim 194 9] to 
give.
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■ r £ ] ( “ a^ aa]
L I I kT Je (3.10)
The bracketed term is the Henry's constant k^ which after 
substitution for the de-Broglie thermal wavelength, 
= h/(27im^kT) can be written as.
k (T) = k ^EAs/kTAO ^ 2 (3.11a)
with
A^O = 27Tk^m (3.11b)
Clearly, the one-dimensional model has the correct low 
density (low coverage) limit demanded by thermodynamics 
and its Henry's constant has the expected variations with 
temperature.
The connection between the strength of vertical 
interaction, and the various heats of adsorption is
obtained by noting that at low coverage the enthalpy per 
molecule reduces to (see Table 2.2),
AkT kT As0 ^ 0 kT (3.12)
The corresponding isosteric (q^^) and equilibrium (AH) 
heats of adsorption are then given by (see Table 2.3),
s t s t^A 1 9. 1kT j 0 kT J =  2 +
E A skT (3.13)0->O
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( kT ]„ (-
S tAHkT =  1 + A s"kT" kT -  1 (3.14)
e-)0
At sufficiently low loading both and AH are
independent of coverage. The difference between a
one-dimensional adsorbate and one of a higher dimension is 
embedded in the numerical constants in (3.13) and (3.14) 
which depend on the translational degrees of freedom.
3.2.2 Pure Hard-Core Adsorbate
At higher coverage we must allow for the fact that 
the molecules cannot penetrate into each other. The 
simplest option is to employ a hard-core interaction 
potential,
u(r)
0 a u(r) =
Pig 3.1 The hard-core potential
The functions 7]^  ^ and 77'^  (see Table 2.1) are then readily 
integrated and the equation of state and fractional 
coverage take the form,
A
-/3EAs/kT e AA
AA
=  1 (3.15)
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e =A
AA (3.16)1 + pAA
where p = Scr /kT.AA *^ A AA' We note that the upper limit of 
0 is unity but is only approached at high values of pAA(or the force |^ ) .
The adsorption isotherm is obtained by combining 
(3.15) and (3.16) and noting that = PA^/kT,
0
1-0 exp
0
1-0
/CrAA (T)P (3.17)
Here, k^ (T) is the Henry's constant (3.11) and is
the ultimate capacity which is independent of both 
temperature and pressure. The one-dimensional hard-core 
isotherm has the same form as the Volmer isotherm for a 
mobile two-dimensional lattice gas [de Boer 1953]. For
coverages below 0 =: 0.15, equation (3.17) is accurately 
approximated by the Langmuir form.
0
1-0
/cr \AA£ J k^(T)P (3.18)
and at even smaller coverages, 0^ « 1, the linear isotherm
demanded by thermodynamics is approached. At given
pressure P = P' , the coverage 0 predicted by (3.17) is 
smaller for higher values of the Henry's constant k^(T). 
At low temperatures, k^ ( T ) is large and the adsorbate
conforms to (3.18) which is indicative of localised 
adsorption. At high temperatures, k^(T ) is small and the 
adsorbate conforms to (3.17) which is pertinent to mobile 
adsorption. The transition from localised to mobile
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adsorption on raising the temperature (lowering k^ ) is 
therefore naturally secured by the one-dimensional model. 
This is an inherent feature of the one-dimensional model, 
particularly as concepts of localised or mobile adsorption 
are not employed in its derivation.
For the hard-core potential all the terms appearing 
in the general expression for the enthalpy per molecule 
(see Table 2.2) are analytic and lead to,
AkT HC kT
e+ 1 - 0 (3.19)
The corresponding equilibrium heat of adsorption is.
r AH 1 - r AH 1[ kT ' HC kT J 01-0 (3.20)
and depends on coverage but the isosteric heat of 
adsorption,
s t s t
I kT A skT (3.21)
is independent of coverage.
3.2.3 Pure Square-well Adsorbate
Real adsorbates can exhibit longer range attractive 
(or repulsive) lateral interactions which is most simply 
considered in terms of a square-well potential. The
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attractive and repulsive forms of this potential are shown 
below,
u(r) 
E A A
1
a Tcr
u(r)
•EA A
a
u(r) = '
Tcr
+  C0 r  O'
-E O' < r  :S TO' AA
0  r > TO'
Repulsive Attractive
Pig. 3.2 Attractive and repulsive square-well potentials
For the square-well potential, the auxilliary functions of 
Table 2 . 1  (ie V r V' f V" f C' r C" ) are all analytic but an 
explicit isotherm expression in terms of the bulk phase 
activity cannot be obtained.
The equation of state for the square-well potential 
takes the form.
[ A f ]
E /kT ^AAr CCe -.. I----Tl+(e **-l)e
A A L
(r-l)pAA 1 (3.22)
where = E^^/kT represents the strength of the lateral
interactions and p = fa /kT. The square-wellAA A AA'expression (3.22) reduces to the hard-core form (3.15) if 
either the depth of the potential is diminished (a^^ -> 0 ) 
or its width is reduced (t 1) . In this case, we are 
unable to solve (3.22) for p^  ^ analytically but a 
numerical solution is easily achieved through a 
Newton-Raphson procedure. The corresponding expression
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for fractional coverage, 
as,
e ~ ¥l O' /£, can be expressedA A a a ' '
0  = r /3AA[ 1  + PAA 1 + 1 + P A A
(3.23)
and again reduces to the hard-core form (3.16) when either 
the depth or the width of the potential is diminished.
It is instructive at this point to compare the 
variation of fractional coverage 0  ^ as a function of the
force parameter [3AA for attractive and repulsivesquare-wells. The first bracket in (3.23) is the
coverage for a hard-core adsorbate at the same temperature
and spreading force (ie. (3 ) as the square-wellAA'adsorbate. The influence of the (attractive or
repulsive) tail is given in the second bracket and depends 
only on the depth and width of the potential. The
examples depicted in Fig. 3.3 demonstrate that all the 
isotherms start with the same linear slope (inset) and 
approach the hard-core limit for sufficiently high f3^^
values. At the same value of the force parameter p , an
attractive tail leads to a higher and a repulsive one to a 
lower coverage than that for a pure hard-core adsorbate.
It is evident from Fig. 3.3 that lateral repulsion 
exerts a significant influence on the shape of the 
0  vs p isotherm; in particular the isotherm can exhibit 
double inflexion. Such behaviour is also observed in the 
experimental vapour isotherms (N^ vs P) of water and other 
polar compounds on the narrow pore solid, silicalite 
[Kenny and Sing 1990, also see Chapter 5]. Although the 
p^ ^ vs P relationship is in general non-linear, the
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results obtained suggest that lateral repulsion could be a 
potential mechanism responsible for the observed 
behaviour.
COCO
CD>oO
1 0
.8
.02.6
2
0 2.01.55 1.00
Fig 3.3 Adsorption isotherms for a pure square-well 
adsorbate with t =5ct [— — — Hard-core] .
stWe now turn to the isosteric heat of adsorption 
for a square-well adsorbate. The general expression for 
the isosteric heat is [see Table 2.3],
s t s t
kT
C" V' - C 7]"AA AA ^AA AA
7}' T)' - Tj 17" AA AA AA AA
(3.24)
Stwhere (q^/kT)^ = E^^/kT + 2 is the initial isosteric heat
of adsorption. For a square-well potential. AA
AA and Ç"^ defined in Table 2.1 are all analyticFor a given value of (3 , thefunctions of a and /3A A A A
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heat can be readily calculated from (3-24) and plotted
against the coverage 0 determined from (3.23) .
Figure 3.4 shows the variation of the isosteric heat for 
the examples of Fig. 3.3. All the curves collapse to
(g®^/kT)^^~ (g^^/kT)^ at zero coverage and tend to the 
constant value g^^/kT = (g^^/kT) + a as saturation isA HC AAapproached. In the intermediate range, the isosteric
heat for an attractive sguare-well is always higher and 
that for a repulsive one always lower than the 
corresponding value for a hard-core adsorbate. We also 
note that the isosteric heat for an attractive sguare-well 
exhibits a maximum whereas a minimum is observed for a 
repulsive one.
3
2
1
AA
0
1
2
3
0 .6 . 8
Coverage 0^
Fig. 3.4 Isosteric heat of adsorption for a pure sguare- 
well adsorbate with t =5(J — Hard-core] .
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3.2.4 Pure Lennard-Jones Adsorbate
The substantial influence of lateral interaction 
was already apparent with the simple square-well potential 
which is somewhat unrealistic. As a more realistic
potential we may consider the cut-off (1 2 - 6 ) Lennard-Jones 
(LJ) model shown in Fig. 3.5. A cut-off potential is
used because we can then employ the simple transformation.
f(x) dx = A+ 1 -t dt
to evaluate the various integrals (n, 77', 77", , (")
using numerical quadratures over the entire range 
cr < r < 00. In molecular dynamics (MD) and Monte-Carlo
(MC) simulation studies, the potential is usually 
truncated at the hard-core a as well as at a larger 
distance (typically 2 .5 cr) for computational reasons. It 
is well known that the upper cut-off point can affect the 
thermodynamic properties obtained from MD or MC which 
necessitates long range corrections [Allen and 
Tildesley 1989]. Since no upper cut-off is used in our 
calculations, the one-dimensional results obtained may be 
used to critically asses the performance of the long range 
corrections used in MD and MC simulation of a 
one-dimensional system.
0 1 f/O
"5 /
u(r) =
and
+  C0
U L J
r ^  a 
r > cr
Fig. 3.5 Cut-off Lennard-Jones potential
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Figure 3,6 shows the 0 vs B isotherm for variousA AA
LJ potentials with the same size parameter but
different depth E^^/kT. As expected, the curves
collapse to the same straight line at low density 
(loading) and approach the hard-core limit at full 
coverage (0^ -^  1) . These isotherms are qualitatively
similar to those for a sguare-well adsorbate; the 
influence of the shape of the potential is more clearly 
reflected in the variations of the isosteric heat of 
adsorption.
<CDO)O)(O
>oO
1.0
.8
. 6
.4
.2
0
0 2 64 8 10
fut
Fig. 3.6 Adsorption isotherms for a pure LJ adsorbate
The variations of the isosteric heat of adsorption 
with coverage for the LJ adsorbate are compared with those 
for a square-well with the same hard-core diameter, the 
same energy depth and a width of 2.5a which is close to 
the effective LJ width (Fig. 3.7). At low coverage, the 
square-well adsorbate exhibits a higher heat compared to
an LJ adsorbate with the same energy depth, aAA This is
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because the attractive force is "infinite" for
square-well potential whereas it increases gradually for 
an LJ potential. At intermediate coverage, q^ '^/kT for an 
LJ potential is higher than that for the corresponding 
square-well. As saturation is approached, however, the
isosteric heat for the LJ adsorbate declines very sharply 
while that for the square-well approaches a constant value 
q^VkT = (q^VkT) + a . This is because the repulsion' H C  AAfor a square-well is infinite but only sets in at the 
hard-core diameter. The repulsive contribution for the LJ 
potential, on the other hand, increases very sharply to
An
important practical observation is that heat measurements 
need to be made to fairly high coverages in order to 
distinguish between the two potentials. For example, the 
q^*^/kT curves for a square-well with a^^=2 and an LJ with 
ol^ ^-2 are practically indistinguishable below e^so.5.
the left of the potential minimum, r =^ m i n A A
cr
cr
6
4
2
0
A A
2 1.00 .2 6 .8.4
Coverage 6,,
Fig. 3.7 Isosteric heat of adsorption for a pure LJ
adsorbate [----  Lennard-Jones, - - - Square-well]
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3.3 ONE-DIMENSIONAL BINARY ADSORBATES
The experimental measurement and theoretical 
interpretation of adsorption from binary and 
multicomponent solutions is complicated because only the 
bulk liquid is open to direct measurement. The readily 
accessible quantity is the relative adsorption isotherm 
but the extent and composition of the adsorbed phase 
cannot be uniquely determined from such measurements 
alone. In previous studies of adsorption from solution 
the properties of the mixed adsorbate have almost always 
been determined under restrictive a priori assumptions. 
For example it has been assumed that the activity 
coefficients in the bulk and adsorbed phases are identical 
[Everett 1965] or that the adsorbed phase is ideal even 
when the bulk liquid is non-ideal [Sircar and Myers 1971]. 
This has led to considerable speculation and the 
thermodynamically exact one-dimensional model offers a 
unique opportunity for a critical examination of the 
behaviour of mixed adsorbates.
The one-dimensional model developed here does not 
require the definition of adsorbed phase activity 
coefficients, which is subject to speculation, and can 
provide the extent, composition, and all the thermodynamic 
properties of the adsorbed phase directly. In this 
section we present the direct one-dimensional predictions 
for various hypothetical model systems and return to 
consider the activity coefficients and the difficulties 
associated with the Adsorbed Solution Theory in 
section 3,4. The influence of vertical interactions is 
most clearly demonstrated for a binary hard-core 
adsorbate. In particular, differences in the vertical 
interaction energy are shown to lead to substantial 
changes in the extent and composition of the adsorbed 
phase. Lateral interactions can also exert a marked
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influence on the behaviour of mixed adsorbates. This is 
demonstrated by a sensitivity analysis for binary 
one-dimensional Lennard-Jones adsorbates. This system
can reproduce all types of relative isotherm observed 
experimentally; it also exhibits some features which to 
our knowledge have not yet been observed experimentally.
It is advantageous at this point to summarise the 
relevant equations for a binary system. The equation of 
state for a one-dimensional binary adsorbate can be stated 
as,
^A^AA ^ ^A^B T) T) - Tl V AA B B AB 'BA = 1 (3,25)
where A =A .i i  ^ ithe species A takes the form,
The absolute adsorption of
(t )=
V V ~ V VAA BB 'AB 'BA
7] ri' + T) 7)' -Tj 1)' - 7]' 7]AA BB BB AA AB BA AB BA
(3.26)
and the adsorbed phase composition is given by.
X V a a  "
A A
^ A A ^ B B  ^AB ^B a ]
^A^AA + V b b - 2 V b 7] 71 -  7)AA 'BB AB BAJ
(3.27)
The functions 7?_ ^  and Tjj ^ are as defined previously [see 
Table 2.1] and depend on the temperature T and the force f 
alone.
The above equations are equally applicable to vapour 
or liquid phase adsorption and can be solved by a straight 
forward procedure. For given temperature T and bulk
phase activities A/,and A ^ , the equation of state (3.25)
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is solved first to establish the equilibrium spreading 
force in general an iterative numerical procedure must 
be employed for this purpose. The equilibrium value of  ^
is then substituted in (3.26) and (3.27) to obtain the 
amount and composition of the adsorbed phase. The
readily accessible relative adsorption can be calculated 
from,
jg
N + NA B - xM (3.28)A A ' ' '
Assuming an ideal gas (vapour) phase, the absolute 
activities are given in terms of the partial pressures by 
A.=P.A^./kTo In the case of adsorption from a saturated 
liquid, the bulk vapour and liquid activities must also 
satisfy the vapour-liquid equilibrium relationships.
A^=A°^(T) , i = A or B (3.29)
3.3.1 The Bulk Phases {ethanol-water) mixture
In this study we are primarily interested in the 
adsorption of small water soluble organics which are as a 
general rule highly non-ideal. Here we choose to work 
with {ethanol (A)-water (B) } mixtures at 25°C as a model 
system. This system was chosen because the thermodynamic 
properties of the bulk liquid are well documented which 
facilitates the thermodynamic calculations. The liquid 
phase activity coefficients are well represented by the 
Wilson equations,
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-£n(xVw xM +A AB B' X ; b
WAB
X  + W  X  A AB B
WBA
W x^+x^BA A B
-£n ( X  + W  X  ' B BA A
wAB
X  + W  X  A AB B
WBA
W X^+X^ BA A B
with W =0.301AB and W^^=0.74 3; these parameters were obtained by a non-linear regression of the data of Hansen 
and Miller [1954]. The liquid phase activity
coefficients for (ethanol(A)-water(B)} are shown in 
Fig. 3.8 and show large positive deviations from ideality 
which are sufficient to cause a minimum-boiling point 
azeotrope.
cI
CDOO
Jo<
5
A
3
2
1
0
Liquid mole 1 faction,
Fig. 3.8 Liquid phase activity coefficients for {ethanol(A)- 
water(B)) at 25°C
In addition, the (ethanol(A)-water(B)}/silicalite 
system is the only system for which sufficient 
measurements have been made to enable a model-independent 
thermodynamic analysis [Farhadpour and Bono 1988]. This 
analysis has clearly demonstrated that within the
83
hydrophobic confines of silicalite the molecular
interactions between ethanol and water are radically 
different from those in the bulk liquid- In particular, 
in contrast to the bulk liquid, the adsorbed phase is 
claimed to exhibit substantial negative deviations from
ideality, 
reported 
Fig. 3.9.
by
The adsorbed phase activity coefficients 
Farhadpour and Bono [1988] are shown in
>.>o<
2.0
1.0
.5
0
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Fig. 3-9 Adsorbed phase activity coefficients for 
{ethanol(A)-water(B)}/silicalite at 25°C 
[Farhadpour and Bono 1988]
Strong negative deviations from ideality are 
frequently reported in experimental investigation of 
mixed adsorption and are usually attributed to the 
energetic heterogeneity of the solid [Myers 1983]. The 
silicalite pore structure is such that no two molecules 
can slide past each other without taking a long circuitous 
route through the interconnected pores. A
one-dimensional model can therefore serve as a reasonable 
approximate model for this structure. This in turn
enables a critical assesment of the origin of the observed 
negative deviations from ideality.
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3.3.2 Limiting Slopes of the Relative Adsorption Isotherm
Experimental relative adsorption isotherms can 
exhibit a variety of shapes and those observed most 
frequently are shown in Fig. 3.10. The general shape of 
the relative isotherm is established by the limiting 
infinite dilution slopes at either end of the composition 
range. If the product of the two limiting slopes is 
negative, there must be either none or an even number of 
azeotropic points. For such cases, it is most likely
that one component is preferentially adsorbed over the 
entire concentration range and an azeotrope is not 
formed. If the product of the two limiting slopes is 
positive, there must be at least one or an odd number of 
azeotropic points. For such cases, it is most likely
that the adsorbed phase exhibits a single azeotrope. 
However, the occurrence of multiple azeotropic points 
cannot be a priori ruled out.
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Fig. 3 .10 Classification of relative adsorption
by Schay and Nagy [1966]
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Evidently much can be learnt by simply measuring the 
infinite dilution slopes of the relative adsorption 
isotherm. These slopes can also be related to the basic 
parameters of the one-dimensional model. The results, 
after lengthy and tedious algebra, can be expressed as.
Ixm  ---  = K ’    — / N (3.30a)
_  1 ,. \B(^' 0 ^BA( ^ ' 0lim ---   = y ------------------ N (3.30b)
where y is the infinite dilution activity coefficient
in the bulk liquid phase and (N^^) is the 
adsorption of pure liquid i which is given by.
absolute
N
cf (3.4)
The above expressions can serve two useful purposes. 
First, given all the molecular interaction parameters, we 
can immediately establish if the mixed adsorbate is likely 
to be azeotropic. Second, if only the pure component 
interaction parameters are available, the experimental 
limiting slopes can be used to establish the mixed lateral 
interaction parameters.
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3.3.3. Binary Hard Core Adsorbates
The influence of the strength of adsorption is most 
easily demonstrated for binary hard-core adsorbates. For 
hard-core molecules, the diameter of the unlike pair is 
given by.
= ( " ^ 1 1 (3.31)
and it is then easy to show that 7} i] -7] t) . All theA A B B  A B  B Across AB and BA terms can therefore be eliminated and the
equation of state (3.25) for the binary hard-core
adsorbate simplifies to.
where A . . e^ ^ . Similarly, the individual
adsorption of A and B reduce to,
l ^ J  . (3.33a)
cr A e + cr A e + 1AA A B B B
- -fo's/kT
A -fo-../kT . -go- /kT (3.33b)O' A e + c r A e  + 1AA A B B B
The composition in the binary hard-core adsorbate is
therefore,
- -^ CTaa/’^^
<  = — - - ( / / k T - : -f.^/kT = -34a)A e + A eA B
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=
X eB = A kT (3.34b)B #
Given the temperature T and the bulk liquid activities A^ 
and A ^ , the spreading force # for the mixture can be 
determined by solving the equation of state (3.32). The 
result can then be substituted in (3.33) and (3.34) to 
calculate the extent and composition of the adsorbed 
phase.
To explore the influence of the strength of 
adsorption we must first define a measure of the affinity 
of each species towards the solid. For liquid phase
adsorption, the departure of the initial isosteric heat of 
adsorption from the latent heat of vapourisation serves as 
a convenient measure. We therefore express the affinity 
in terms of a departure variable Ag ,
Ag.
kT
q,s t
kT
vap E
kT kT
vap
kT (3.35)
A component with large positive Ag./kT shows a strong 
affinity for the solid and one with a low Ag./kT has a 
smaller affinity; negative values of Ag./kT indicate very 
weak adsorption. In the case of water, for example, a 
negative value of Ag./kT would be an indication of a 
"hydrophobic" solid. The sensitivity analysis in this 
section is conducted for (ethanol(A)-water(B)} bulk 
solutions at 25°C. Based on the molecular structure of 
ethanol and water, the hard-core sizes may be taken as 
O ' =4. 2Â and cr =2. 2Â respectively. The latent heats ofAA BB ^  ^
88
vapourisation of ethanol and water at 2 5°C are
A^^VkT=17.4 and A^^YkT=17.7 respectively [Reid et al
1977]. The bulk liquid is highly nonideal with large 
positive deviations from ideality as shown on Fig. 3.8.
As a first example, the solid is assumed to have 
identical affinity for either species, Ag^/kT=Ag^/kT, and 
the molecules are also assumed to be of the same size, 
cr =cr . The difference in the adsorption characteristicsAA BB  ^of A and B is then due solely to the differences in the 
bulk phase activities. The results for the following two 
cases depicting high and low affinity solids are shown in 
Fig. 3.11.
case 1 (strong affinity)
case 2 ( weak affinity )
kT
Ag,
kT
Ag^
kT
Ag^
kT
=  +2
= - 1
In either case, the relative adsorption isotherm 
exhibits an azeotropic point at the same liquid 
concentration and the total adsorption isotherm is nearly 
constant and independent of composition (Figs. 3.11a and 
3.11b). The individual adsorption isotherms are
practically linear for the strong affinity solid (case 1 ) 
but are noticeably curved for the weak affinity solid 
(Fig. 3.11b). In both cases, however, the individual
adsorption isotherms are near mirror images which suggests 
a simple displacement mechanism. This is to be expected 
since both the size and the affinity were assumed to be 
the same for either species.
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Fig. 3.11 The relative and individual adsorption isotherms 
for a hard-core adsorbate with a -a =4.2Â.AA BBcase(l): — — — High affinity Ag^/lcT=Ag^/kT=+2
case(2 ): - Low affinity Ag^/kT=Aq^/kT=-l
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For the next example, we maintain an identical 
affinity, Ag^/kT=Ag^/kT, but relax the restriction on the 
hard-core diameters. The A molecule is taken as ethanol 
with O' =4. 2Â and the B molecule as water with <j =2.2Â.AA BBThe results for the three cases shown below, which reflect 
very strong, strong, and weak affinity solids, are 
compared in Fig. 3.12.
affinity ^^A _kT ^^BkT
case 1 very strong +4 4 . 2 2 . 2
case 2 strong 4-1 4 . 2 2 . 2
case 3 weak - 1 4 . 2 2 . 2
For species with identical affinity it may be 
expected that the adsorption characteristics could be 
simply described in terms of the difference in the 
molecular sizes cr and cr . This is only true for theAA BB ^very strong affinity system (case 1 ): the relative
adsorption isotherm shows preferential adsorption of the 
smaller component (B) over the entire concentration range. 
The characteristics of the adsorbed phase is demonstrably 
altered when the affinity is reduced from Ag/kT=4 to 
Ag/kT=l. The relative adsorption isotherm for case 2 
exhibits an azeotrope with the larger component (A) 
preferentially adsorbed at low concentrations (see 
Fig. 3.12). Further reduction in affinity (case 3)
results in the shifting of the azeotropic point towards 
higher concentration of A (see Fig. 3.12).
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Fig. 3.12 The relative and individual adsorption isotherms 
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From the above results we can conclude that, even for 
systems with identical affinity, the nature of the 
adsorbed phase cannot be precisely predicted on the basis 
of the size differences alone. The characteristics of the 
adsorbed phase and the influence of non-ideality in the 
bulk phase is strongly moderated by the absolute affinity 
of the solid towards the various species. This
observation is further justified by a final example in 
which the hard-core diameters are set to the same value 
or =cr but the solid is allowed to show differentAA BBaffinity levels. Figure 3,13 compares the results for the 
three cases of the table below where the difference 
between the affinities of A and B is fixed at 2kT but the 
absolute affinity levels are altered.
affinity ^9. ^^B
A B kT kT
case 1 very strong strong +4 + 2
case 2 strong weak + 2 0
case 3 weak very weak 0 - 2
cr =cr =4. 2 ÂA A B B
In all three cases, the component with the higher 
affinity (A) is preferentially adsorbed (see Fig. 3.13a) 
but, as expected, both the relative and individual 
adsorptions are reduced as the absolute affinity level is 
lowered (Fig. 3.13b). In this case, therefore, the mixed 
adsorption behaviour is dominated by the large difference 
in the vertical affinities and can be simply explained.
93
C lO"Oro
tr
15
  0 '2  ûc^ —-<2 0 ■* ^ •< 2
1.0
0
1 0.6 ,80 2 .4
(a)
Liquid mole fraction, x*
olOT3<
 0 A( ^ - - 2 Ac^ «” + 2 At^ “ 0 Ac^**-»2
(b)
0 0 .2 .4 .6 .8 10
Adsorbed mole fraction
Fig. 3.13 The relative and individual adsorption isotherms 
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3.3.4 Binary Lennard-Jones Adsorbates
The strong influence of differences in the vertical 
interaction energies on the behaviour of mixed adsorbate 
was evident for systems with purely repulsive hard-core 
interactions. We now turn to an examination of the
characteristics of the adsorbed phase using the more 
realistic Lennard-Jones (LJ) model for the lateral 
interactions. The bulk phase is again taken as the highly 
non-ideal ethanol(A)-water(B) solution at 25°C, In order 
to specify the mixed adsorbed phase completely, it is now 
necessary to assign values to the vertical interaction 
energies and and the size and energy parameters
for the lateral interactions between the like (AA and BB) 
and the unlike (AB and BA) pairs.
In all the examples considered, the lateral 
interaction parameters for the like molecules are 
arbitrarily set to (cr^ ^=4.2 Â, E^^/kT= 1 .2 2 ) and 
(cr =2.2 Â, E /kT= 2.71). The E and E values' B B ' B B'^  AA BBcorrespond to those for gas phase interactions of pure 
ethanol and pure water respectively. It is also
necessary to specify the parameters for the mixed lateral 
interactions. It is customary to use the Lorentz- 
Berthelot (LB) mixing rules for this purpose,
cr =AB 2 (3,36)
/E = V E EAB A A  B B
However, the basic LB energy rule is often found to be 
deficient. We shall therefore employ the usual
modification,
(cr +  O' )
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The parameter ^ is a measure of deviation from the basic 
LB rule and its value will be adjusted in the range 
-0.5<Ç<+0.5 to examine the influence of the unlike lateral 
interactions. For the purposes of this section it is
also assumed that u (r)=u (r) but we note that thisAB BArestriction is not necessary in the derivation of the 
binary one-dimensional model. As we shall see, the
influence of the mixed lateral interactions is strongly 
moderated by both the absolute and the relative affinity 
of the solid towards the various species.
Three cases with different values of E and E areAS BSconsidered. In the first example Ag^/kT=1.6 and
Ag^/kT==-l. 7 ; component A therefore has a high positive 
affinity whereas B is very weakly adsorbed which is 
typical of adsorption of water soluble organics on 
hydrophobic solids such as silicalite. In the second 
example, the vertical interaction energies are chosen such 
that the solid has different but positive affinity for 
both A and B (Ag/kT=l, 6 , Ag^/kT=0.8 ) . The third example 
is for a solid which shows different but very weak 
affinity for either species (Ag^/kT=-0.9 and Ag^/kT=-l. 7) .
The relative and individual adsorption isotherms for 
Ag^/kT=1.6 and Ag^/kT=-1.7 are shown in Fig. 3.14 a. In 
this case, the larger component A has a much higher 
affinity for the solid than the smaller component B. For 
the basic LB mixing rule (Ç =0) the difference in the 
vertical interaction energies is sufficient to cause the 
preferential adsorption of the larger component A, As 
expected, a reduction in the strength of lateral 
interactions between the unlike molecules (Ç =+0.5) 
enhances the preferential adsorption of A. However, for 
sufficiently strong unlike interactions (^=-0.5), the 
behaviour of the adsorbed phase is altered 
significantly. This is manifested by the
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on the relative and individual adsorption 
isotherms for binary LJ adsorbates.
=2.2A, E /kT=1.22, E =2.71,AA BB AA RR '
]
case(l) AgykT=+l. 6 , Ag^/kT=-1.7 
( — Ç=”0 - 5 ,--------Ç= 0.0,---- — ^=+0.5)
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formation of an azeotrope when Ç =-0.5; the adsorbed phase 
azeotropic composition is close to that for the bulk 
liquid azeotrope. However, as will be shown later, the 
characteristics of the adsorbed phase is radically 
different from that of the bulk liquid. We also note 
that although E^^>2 E^ ,^ the adsorption process is 
primarily governed by the large difference in the vertical 
interaction energies.
The influence of the mixed lateral interaction energy 
on the individual adsorption isotherms is unusual and 
worthy of comment. Changing the value of Ç affects the 
individual adsorption of both species and, as expected, a 
stronger mixed lateral interaction ( smaller Ç) enhances 
the uptake (see Fig. 3.14a). What is unexpected is the 
observation that for sufficiently strong mixed lateral 
interactions (Ç =-0.5) the individual isotherm for BABdevelops a shallow maximum. To our knowledge, the
occurrence of a maximum in the individual adsorption 
isotherm has not been reported in previous examinations of 
mixed liquid phase adsorption. It is unfortunate that 
direct measurement of liquid phase individual adsorption 
isotherms is hardly ever attempted. There is to date only 
a single study in which such data has been reported 
[Farhadpour and Bono 1988]. It may well be that with 
additional measurements, individual adsorption isotherms 
with maxima are also observed experimentally.
Figure 3.14b shows the result for an example where 
both components have a positive affinity for the solid but 
the difference between the affinity levels of A and B is 
only 0.8 kT. For the basic LB mixing rule (Ç=0) ,
component B which has the lower vertical affinity is now 
preferentially adsorbed over the entire concentration
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[ u  ^—4 . 2 Â f cr := 2 . 2 A ,
=(1-6)V
E /kT=1.22, E =2-71,AA BB
]
case(2) Ag^/kT=+1.6, Aq^/kT=+0.8
( —' — ™ ^ — 0.5, — — — — — — ■— 0.0, —'" —"' - ^=+0.5)
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range. In this case, therefore, the vertical affinity of 
component A is not high enough to overshadow the larger 
attractive lateral interaction between the BB pairs. 
This is reflected in the uptake of pure B which is nearly 
twice that of pure A even though the latter component has 
the higher vertical affinity. Evidently, with a small 
difference between the vertical affinities, the influence 
of the like (AA and BB) and the unlike (AB and BA) lateral 
interactions becomes more pronounced. Indeed, a
sufficient increase in the mixed lateral interactions 
(Ç= -0,5) can cause the formation of an azeotrope with the 
larger component A adsorbed preferentially at low 
concentrations.
The final example shown in Fig. 3.14c depicts a less 
practical solid which has different but very weak vertical 
affinity for either component, Ag^/kT=-0.9 and 
Ag^/kT=-l,7. In this case, alteration of the mixed 
lateral interactions cannot eliminate the adsorbed phase 
azeotrope. It is noteworthy that for sufficiently strong 
mixed lateral interactions (^x-0.5), the individual 
adsorption isotherms of both components exhibit a maximum. 
These maxima are just noticeable for Ç==-0,5 but are 
clearly observed for Ç=-0.7 5 as shown by the solid curves 
on Fig, 3,14c, From the above results we can conclude 
that the influence of lateral interactions is strongly 
moderated by both the absolute and the relative affinity 
levels. This is perhaps more clearly demonstrated by an 
examination of the predicted adsorbed phase activity 
coefficients which are considered next.
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3.4 ADSORBED SOLUTION THEORY
In the absence of a mechanistic model, the 
thermodynamics of mixed adsorption is commonly analysed in 
terms of the Adsorbed Solution Theory (AST) . In this 
approach, the mixed adsorbate is viewed as a "condensed" 
fluid and its deviation from ideality is described by 
suitably defined activity coefficients in much the same 
way as bulk phase equilibria. This approach which was 
first proposed by Myers and Prausnitz [1965] is well 
defined for mixed gas adsorption but encounters 
difficulties for adsorption from saturated vapours or 
liquids. The difficulties encountered are, however, of an 
experimental rather than thermodynamic origin. In liquid 
phase adsorption, the spreading variable in the mixed 
adsorbate normally exceeds the value for a pure saturated 
adsorbate. In such cases, the pure component standard 
state is hypothetical and cannot be physically realised. 
This in turn forces the extrapolation of the experimental 
pure vapour adsorption isotherm to regions where it is 
undefined (ie. beyond saturation). The thermodynamic 
properties calculated by such procedures are then open to 
question.
The thermodynamically exact one-dimensional model can 
yield the extent, composition, and all the thermodynamic 
properties of the mixed adsorbate directly and without 
recourse to adsorbed phase activity coefficients. The 
primary purpose of this section is to use the 
one-dimensional model to critically assess the consequence 
of the approximations employed in the application of the 
AST to liquid phase adsorption. The results obtained show 
that approximations should be used with extreme caution 
and can lead to seriously erroneous conclusions. For 
instance, the one-dimensional binary hard-core adsorbate 
is Jby definition ideal but using unjustified 
approximations can produce large apparent negative
102
deviations from ideality. For the binary LJ adsorbate, on 
the other hand, the mixed adsorbate may truly have 
positive deviations from ideality but an approximate 
calculation of the standard state may erroneously suggest 
negative deviations. The analysis presented below
provides the conditions under which the adsorbed phase 
activity coefficients can be confidently recovered from 
experimental data.
3.4.1 The Standard State and Activity Coefficients
The choice of the standard state in thermodynamics is 
arbitrary and is dictated by expedience and the 
convenience for making the thermodynamic calculations for 
the particular situation at hand. The definition of the 
adsorbed phase activity coefficient is inseparably linked 
with the standard state which must be carefully chosen and 
unambiguously defined. The most convenient choice for 
mixed adsorption is probably the pure adsorbate but at the 
same temperature and spreading variable as the mixture 
[Myers and Prausnitz 1965, Rudisill and LeVan 1992, 
Farhadpour and Bono 1988]. The activity coefficient for a 
component A is defined in relation to this standard state 
by,
= X°*(T,f) r V  (3.38)
Here xJ(T,^,x^) is the absolute activity of component A in 
a mixed adsorbate at temperature T, spreading force f, and 
composition x^ and X^*(T,^) is the activity of A in its 
standard state which is defined as the pure adsorbate at 
the same T and  ^as the mixture.
In order to compute the activity coefficient -y we 
must first integrate the Gibbs adsorption isotherm to 
determine the absolute activity of A in its standard
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State, A°*(T,^) . Let us take as a starting point theAGibbs-Duhem equation written for a binary adsorbate.
kT N^dln(A®)+ kT N^dln(Ap -f - ^ d T  = £ (3.39)
At constant temperature we have, 
kT N^dln(A^)+ kT N^dln(xj) = 2 df at constant T (3.40)
The standard state is chosen to be a pure component 
(denoted by superscript °) and (3.40) then reduces to.
kT N° din(A°) = £ d#° pure A at constant T (3.41)
Here is the absolute activity of the pure adsorbate 
which at equilibrium may be equated to that in the bulk 
phase; equation (3.41) is then the Gibbs adsorption
isotherm for the pure component A.
MIXED GAS ADSORPTION
The standard state for the component A is obtained by 
integrating (3.41) at constant temperature from a lower 
limit which is yet to be specified to the conditions felt 
by the A molecules in the mixed adsorbate (T,|) ,
O * M  J  pO
 ^ N°dln(A°) = A ' a' kTJ 9
(3.42)
For adsorption from a pure gas or a pure unsaturated 
vapour there are two degrees of freedom. Thus, specifying 
any two intensive variables (in either phase) is 
sufficient to uniquely describe the conditions in both
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phases. Since both T and # are specified, the pure gas 
pressure in the standard state is also uniquely defined at 
(#) [Myers and Prausnitz 1965]. For a pure gas, the 
lower limit is conveniently taken at zero pressure. For 
an ideal gas A° = P°A^/kT and (3.42) can be expressed as,
. . .
p" dP = ^  ^  (3-43)0 A ' 0 II
I
Given accurate pure gas isotherm data, the above 
integration can be easily performed. The lower limit 
presents no difficulty since N°/P° = k at the low loading 
Henry's law limit. The standard state absolute activity 
is therefore given by A°*= P° (#) A^/kT. This is the
procedure employed in the lAST of Myers and 
Prausnitz [1965] for mixed gas adsorption.
We must remark here that practical mixed gas 
adsorption measurements are normally taken at constant T 
and P by varying the gas composition. At constant T and P 
and a given gas composition, the spreading force in the 
mixed adsorbate  ^ is uniquely defined and varies as the 
gas composition is altered. Consequently, the standard 
state pure gas pressure P°* (#) or activity (f) as
defined by Myers and Prausnitz [1965] also varies when the 
gas composition is altered while maintaining T and P 
constant. This does not present any difficulty in mixed 
gas adsorption and the calculation procedures of AST are 
then well defined. Problems do arise, however, when one 
or more component of the mixture is a vapour and the 
spreading force in the mixed adsorbate exceeds that of a 
pure component at its saturation vapour pressure. The AST 
calculations can still be performed but only at the 
expense of extrapolating the pure vapour adsorption 
isotherm beyond saturation. This is problematic because 
vapour isotherms are, in general, difficult to measure
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close to saturation and, in any event, are undefined 
beyond saturation.
MIXED LIQUID ADSORPTION
In adsorption from a saturated liquid mixture, the 
spreading variable in the mixed adsorbate is inevitably 
higher than that for a pure saturated adsorbate and a 
different approach may prove more fruitful. For adsorption 
from a pure saturated liquid (or vapour) there is only one 
degree freedom. Fixing the temperature T also fixes the 
pressure at its unique saturation value and the
absolute activity is therefore fixed at . Fixing
both T and in the adsorbed phase in turn fixes the
intensive variable at its unique saturation value
o^sat^  The spreading force in an adsorbate in equilibrium 
with its pure saturated liquid (or vapour) is therefore a 
unique function of temperature alone. In this case, the 
lower limit of the integrations in (3.42) may be taken as 
the actual pure adsorbate conditions and to
arrive at.
„sat
A° £d(°
=  - k T  = --------------E t — ^  ( 3 . 4 4 ). Osat J gOsat
The value of can, in principle, be obtained from the
integration of the pure vapour isotherm up to its 
saturation limit. We have also denoted # by to
emphasise that the bulk mixture is also a saturated 
liquid.
When the spreading force of the mixed adsorbate
exceeds that of a pure adsorbate the standard state
activity A° is greater than Approximations are
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then necessary in order to evaluate the left hand side of 
equation (3.44) from experimental data. The procedures 
used fall broadly in two categories. In one approach, the
experimental vapour adsorption isotherm is (more or less 
arbitrarily) extrapolated into regions where it is not 
clearly defined. This is particularly difficult for 
certain type of isotherms which approach saturation
sharply; for example the BET type isotherms observed for 
multilayer adsorption. In another approach,
extrapolations are avoided by assuming that the molar 
volume (here the molar length) of the pure adsorbate does 
not change appreciably beyond saturation.
A
£ £
m  nSatT , #
(3.45)
T,fOsat
This implies that the molar length of the pure adsorbate 
is not a strong function of the spreading force close to 
saturation . This assumption is clearly in error for low 
density adsorbates but may prove useful at the high 
densities normally encountered in liquid phase adsorption. 
It is somewhat analogous to the assumptions made about the 
influence of pressure on the molar volume of a bulk 
liquid. We give caution here that equation (3.45) is only 
an approximation and great care must be taken in 
interpreting the result obtained. In particular, the 
range of validity of this approximation is in general 
unknown and cannot be brought out by thermodynamic 
analysis alone. We shall use the one-dimensional model to 
establish the conditions under which equation (3.45) can 
be used with confidence.
Accepting equation (3.45) for the moment, the Gibbs 
adsorption isotherm (3.44) is readily integrated to give.
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A = £No s at
„sa t pOsat'A (3.46)kT
The significant advantage of (3.46) is that all the terms 
in the exponential can be obtained from experimental 
liquid phase adsorption data: from adsorption of the
pure saturated liquid (or vapour) and 
from the thermodynamically exact relation [Farhadpour and 
Bono 1988]:
£ nSa t OsatAkT
nsat
nOsat7
£dr^'-_kT (3.47)
Evidently, under assumption 
0*activity 
experimental data.
(3.45), the standard state 
can be obtained directly given suitable
The activity coefficients y and are evaluated
from the equilibrium relationships which can be expressed 
as ;
(3.48a)
(3.48b)
Equations (3.48) can be used in two ways. First, given a 
specific form for the variations of the activity 
coefficients y® with composition x^ , the above equations 
can be solved iteratively to obtain the adsorbed phase 
composition. More significantly, given experimental 
values of the adsorbed phase composition x\ the activity 
coefficients y^  can be directly calculated. The
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thermodynamic consistency of the activity coefficients 
and y^ can be checked through the Gibbs-Duhem equation 
[Farhadpour and Bono 1988]:
1 <1 + X :  ]N=JT,r‘ <7
sat
kT
x%dln(y;)+ Xgdln(y;) (3.49)
subject to the speculative assumption that.
£
N 0 s sat
£
N O s .Osat
cf(3.45)
This procedure was used by Farhadpour and Bono [1988] 
to analyse the experimental data for
(ethanol-water}/silicalite. These authours succeeded in 
measuring N°®, N® and the relative adsorption
isotherm which are sufficient to perform the above
(approximate) model independent analysis. Farhadpour and 
Bono [1988] concluded that for {ethanol-water}/silicalite, 
the adsorbed phase exhibits substantial negative 
deviations from ideality. It must be recognised,
however, that this conclusion rests on the validity of 
assumption (3.45). This cannot be verified by
thermodynamic analysis alone and demands a mechanistic 
model of the adsorbed phase. For a pure component such a 
mechanistic model would yield the temperature and 
spreading force dependency of £°(T,^) and the standard 
state could then be obtained without any assumptions from.
0*
pOsat kT (3.50)
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The activity coefficients can then be obtained from the 
equilibrium relationship (3.48) and their consistency 
tested through (3.49) without resorting to 
assumption (3.45). Comparison of the activity
coefficients calculated exactly (using 3.50) with those of 
the approximate analysis (using 3.46) serves to establish 
the range of validity of the approximation used. We now 
employ the thermodynamically exact one-dimensional model 
for this purpose for two particular examples. In all the 
cases considered below the bulk liquid is taken as the 
highly non-ideal {ethanol-water} solution at 25°C.
3.4.2 Activity Coefficientss Binary Hard-Core Adsorbates
The one-dimensional binary hard-core adsorbate is by 
definition ideal. For this case, the exact standard state 
can be developed analytically. For a pure hard-core 
adsorbate, the molar length f  is given by [see (3.16)],
f  =A
£
N O s + cr = crn s a t  AA AA
kT + 1
AA
(3.51)
Using this expression, the integration in (3.50) is easily 
performed and the standard state activity of a hard-core 
adsorbate is given by.
0 » 0 sat sat O s a t
0 sat 
A
exp A AkT (3.52)
This expression is further simplified by combining the 
equation of state for the pure hard-core adsorbate 
[see (3.15)],
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0 sat kT
O s atexpi - AA
E
kT exp.
A S
kT = 1 (3.53)
with (3.52) to arrive at,
(3.54)
The composition in a binary hard-core adsorbate is given 
by [see Eq.(3.34)],
sat
A s at
and we can therefore express (3.54) as.
A^ = K X (3.55)
Comparison of (3.55) with the general definition 
A =A° y^x® shows that all the activity coefficients for aA A A Ahard-core adsorbate are identically unity.
An ideal solution must also by definition exhibit no 
volume (here length) change of mixing. For the one­
dimensional model, irrespective of the number of 
components present, the (mean) distance between a nearest- 
neighbour ij pair is given by:
1 j
r exp - j^u. J (r)+|rj/kT|dr
exp{-[uij (r)+^rj/kT|dr
n;j(T,f)
T),j(T,f)
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The distinction between a pure and a mixed adsorbate only 
arises in the value of the spreading force which is 
different ( ie  ^^ for the pure species but for the
mixed adsorbate). The standard state for the pure species 
is, however, taken as the pure adsorbate but at the same T
and „sat as the mixture. It follows immediately that for
the one-dimensional model the mean distances r and rAA BBin the mixture are the same as those for the pure 
components in their respective standard states. For a 
mixture with N molecules of A and N molecules of B, theA Btotal length is given by.
f = N r + N r  + N r  + N rAA AA AB AB BA BA BB BB
Subtracting the contribution from the pure components at 
their standard state leads to.
^ + \ b’^AB + NbaV  + *^ BB^ BB "
Noting that N^=N^^+N^^, Ng^N^^+N^^ and the excess
length change of mixing for a binary adsorbate can 
therefore be expressed as.
= N r + r r + rAB AB BA I a a  b b ^ (3.56)
For a hard-core adsorbate, the mean separation r, ^ is 
given by. i j
r = i j
O'
r exp
i j {-
expX-cr kT dr1J
(3.57)
that it is evident
r^^= (r. ,+r^^)/2 and the excess length change of mixing £
that
E
Recalling
for the hard-core adsorbate is therefore identically zero
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The approximate activity coefficients and excess 
length change of mixing calculated under assumption (3.45) 
are shown in Fig. 3.15 for three separate cases with 
CP =cr =4. 2Â and Aq /kT=Ag /kT+2 but different absoluteA A B B  ^  a '  ^ B 'affinity levels. The relative and individual adsorption 
isotherms for these examples were presented in Fig. 3.13. 
The most striking feature is that the activity 
coefficients calculated under assumption (3,45) are 
substantially smaller than unity in all three cases. 
However, the magnitude of the apparent deviation from 
ideality depends on the absolute affinity level and is 
greatest at the lower values. This is rather unsettling 
since it was shown above that the one-dimensional binary 
hard-core adsorbate is by the usual definitions ideal. 
Evidently, in this case, assumption (3.45) is poor and can 
lead to serious misinterpretation.
The basic reason for the discrepancy is clearly 
explained by considering the standard state for a 
hard-core adsorbate:
=A +0- = (Ts a t  AA AA cf(3.51)
For values of |®®V^^/kT less than or comparable to unity, 
the spreading force has a significant effect on the
molar length and assumption (3.45) is then
inappropriate. In contrast, when /kT isAAsignificantly larger than unity, the molar length is 
essentially determined by the hard-core size cr The
latter situation, .^®^ c^r^ /^kT » 1, is only approached for a 
species with strong affinity (high Ag^/kT) and it is only 
in such cases that assumption (3.45) is reasonable. This 
explains why the deviations from ideality ' shown on 
Fig. 3.15 are smallest for the case with the highest 
absolute affinities. Indeed when the affinities are
raised sufficiently (Ag^/kT=+6 and Ag^/kT=4-4 ) the apparent
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case(l) Ag^/kT=+4, Aq^/kT=+2
1.0
,8
.6
.4
.2
0 0 .8 1.02 .6,4 0 .2 / .6 ^ 1Ü
case(2) Ag^/kT=+2, Ag^/kT= 0
1.0
.8
.6
.2
0 .8 1.00 ,2 .4 .6 0 ^ j .6 ^ 10
case(3) Ag^/kT= 0, Ag^/kT=-2
1.0
.8
.6
.4
2
0 ,8 1.02 .4 .60
.05
-.05
-.10
-.15
-.20
Fig. 3.15 Apparent activity coefficients and excess length 
change of mixing erroneously predicted under 
assumption (3.45) for the strictly ideal hard­
core adsorbate with cr =cr =4.2Â.AA BB
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and erroneous deviations from ideality are virtually 
eliminated as shown by the figure below:
12
1.0
-8
.6
.4
.2
0
-1 0
-.15
-.20
Aq /kT=+6 and Aq /kT=+4
Fig. 3.16 Apparent activity coefficients and excess length
change of mixing predicted under assumption (3.45) 
for a hard-core adsorbate with strong affinities 
[*..=^88=4-2]
We may therefore conclude that the assumption,
N 0 s sat
£
N 0 s cf(3.45)T,flOsat
is valid and extrapolations can be avoided but only for 
species with high affinity. Failing to recognise this can 
lead to catastrophic misinterpretation of the
thermodynamic behaviour of the mixed adsorbate. We must 
stress here that this observation, which to our knowledge 
has not been previously reported, is of considerable 
practical utility. It is relatively easy to obtain a good 
estimate of the hard-core diameter cr of a molecule basedAAon its structure. Given the experimental vapour phase
,Osa t can also beadsorption isotherm, the value of f 
obtained by integrating the Gibbs adsorption isotherm up 
to saturation (but not beyond) . The value of
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is therefore in principle an experimentally accessible 
quantity. If this parameter turns out to be much greater 
than unity for all the species in the mixture, then
assumption (3.45) is valid and will provide reliable 
results. We have reached this simple conclusion for
hard-core adsorbates without attractive lateral 
interactions. It is clear, however, that the same
conclusion can be reached for other more realistic
potentials. This is because attractive interactions will 
only serve to increase shall now
demonstrate this for a binary LJ adsorbate.
3.4.3 Activity coefficients; Binary LJ Adsorbates
For the more realistic (12-6) LJ potential, the 
standard state activity is no longer analytic and the 
integration in (3.50) must be performed numerically. This 
does not present any difficulty since we know that,
1 °  =   t h-------------- Cf(3.4)
Alternatively, the standard state activity can be obtained 
directly from the equation of state of the pure component 
[see Eq.(3.2)],
= A  1---- (3.58)
with evaluated at the mixture conditions
(T , )  . Once is known, the activity coefficient
can be calculated through the equilibrium 
relationship (3.48),
Figure 3.17 compares the activity coefficients 
calculated exactly using the correct standard state
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1
0
Ç =+0.5
0
,2
-,3 .8 1.00 ,2 ,4 .6
.1
0
A B €  = 0  ^  ^
A B
-3 0 .2 .4 .5 .8 1.0
3
2
0 0 .2 .6 .8 1.0.4
Ç =-0.5
Fig. 3.17 Comparison of the activity coefficients and excess 
length change of mixing for binary LJ adsorbates
with (-----) and without (----- ) approximation,
[a =4.2Â, E /kT=1.22, Ag/kT=+1.6,*■ AA AA' ^ A '
cr^=2.2Â, E^/kT=2.71, Ag/kT=-1.7,
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[Eg.3.50 or 3.58] with those based on the approximate 
value [Eq.3.46]. The calculations were performed with 
(cr =4.2Â, Ag/kT=1.6, E /kT=1.22) and (cr =2.2Â,AA A AA BBAg/kT=-1.7, Egg/kT=2.71) but different strengths of 
interaction between the unlike molecules prescribed by the 
value of
‘^AB 2
Ea3=(1-Ç)/
The above parameters were chosen to be typical of 
adsorption of water soluble organics onto "hydrophobic" 
solids and the corresponding relative and individual 
adsorption isotherms were presented in Fig. 3.14a.
The discrepancy in the activity coefficients obtained 
by the two procedures is most striking. For the basic LB 
mixing rule (Ç=0), the activity coefficients calculated 
exactly indicate mild positive deviations whereas those 
calculated using the approximate standard state (3.46) 
show marked negative deviations from ideality. Clearly, 
the approximate calculations lead to a diametrically 
opposed interpretation compared to the exact results. 
This discrepancy is exaggerated when the strength of the 
mixed lateral interaction is reduced (^=4-0.5). On the 
other hand, on increasing the lateral interactions 
sufficiently (Ç=-0.5), the approximate procedure predicts 
the negative deviations correctly but is quantitatively 
wrong. This trend is easily explained: reducing the
strength of the lateral interactions serves to decrease 
^sat^/kT whereas increasing the unlike interactions leads 
to higher values of #^^^cr/kT. The parameter f^ c^r/'k.T is 
once again seen to play a crucial role. Indeed, keeping 
all the parameters the same and increasing the affinities 
to Ag^/kT=3.2 and Ag^/kT=l.6 leads to approximate activity 
coefficients which are practically identical with the 
exact values as is shown in Fig. 3.18.
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Ç =-0.5
Fig.3.18 Comparison of the activities coefficients and excess 
length change of mixing for a high affinity binary LJ
adsorbate predicted with (----- ) and without (-----)
approximation.
cr =4.2Â, E,,/kT=1.22, Ag /kT=+3.2,AA ' A A '  ^  A'cr =2.2A, E„ /kT=2.71, Ag„/kT=+1.6,BB BB" B"
E EA A BB
3.5 CONCLUSIONS
The sensitivity analysis presented in this chapter 
dealt with a highly idealised one-dimensional adsorbate. 
Such an adsorbate may not exist in the real world, even so 
the results obtained are of considerable theoretical 
interest. This is because the one-dimensional model is 
thermodynamically exact and thus enables a critical 
assessment of the intricate interplay between the vertical 
and lateral interactions which determines the essential 
thermodynamic features of pure and multicomponent 
adsorbates.
The sensitivity analysis for the pure adsorbate 
(Section 3.2) demonstrated that the one-dimensional model
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satisfies the constraints imposed by thermodynamics at low 
and high coverages. Furthermore, the transition from 
localised to mobile adsorption on raising the temperature 
was also naturally secured. For simple lateral
interaction potentials, for example hard-core and 
square-well, analytic or semi-analytic isotherm 
expressions were obtained. This was not possible for more 
complex potentials, for example the LJ model, but the 
isotherm could be calculated by a straight forward 
numerical procedure. Both the isotherm and the heat of 
adsorption are affected by the lateral interaction 
potential. In particular, it was shown that significant 
lateral repulsion could alter the general shape of the 
isotherm significantly [see Fig. 3.3]. However, as 
expected, the influence of the detailed form of the 
lateral interaction potential was most clearly reflected 
in the differential heats of adsorption. An important 
conclusion is that the heat of adsorption must be measured 
to sufficiently high coverage in order to make a clear 
distinction between the various lateral interaction 
potentials [see Fig. 3.7].
The most significant result of the exact 
one-dimensional analysis is the better understanding of 
the complex factors affecting the behaviour of the mixed 
adsorbate. The results obtained indicate that the 
thermodynamics of the mixed adsorbate is affected to 
varying degrees by the intricate interplay between the 
vertical and lateral interactions on the one hand and the 
non-idealities in the bulk fluid on the other hand. The 
balance between these two effects is strongly dependent on 
the absolute affinity of the various species for the solid 
surface. In particular, it was found helpful to define 
the affinity Ag. as the difference between the initial 
isosteric heat of adsorption (q^^) ^ and the latent heat of 
vapourisation For systems with high affinity, the
thermodynamic behaviour is governed primarily by the
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relative strength of the vertical interactions; the 
lateral interactions and the thermodynamic behaviour of 
the bulk solution play a secondary role. However, the 
thermodynamic properties of the mixed adsorbate is 
strongly moderated by the lateral interactions when one or 
more of the adsorbed species exhibit a low affinity.
The above observation has far reaching practical 
implications. This is because in practical adsorption 
processes the adsorbent is chosen so that at least one 
component (the solvent) has a low affinity. In such 
cases, strong lateral interactions can radically alter the 
thermodynamic behaviour of the mixed adsorbate. This was 
most clearly demonstrated for adsorption of 
(ethanol-water) bulk solution, which shows strong positive 
deviations from ideality, onto a model hydrophobic solid. 
For our purposes, a hydrophobic solid is defined as one 
with a negative affinity for water, < 0. The
one-dimensional mixed adsorbate can in this case exhibit 
positive deviations, no deviations, or negative deviations 
from ideality depending on the strength of the lateral 
interactions in the adsorbed phase [see Fig. 3.17].
In most previous studies the adsorbed phase is 
reported to exhibit negative deviations from ideality and 
this is usually ascribed to the presence of energetic 
heterogeneity in the solid [eg Myers 1983, O'Brien and 
Myers 1987]. It should be noted, however, that the 
idealised one-dimensional model used here is by definition 
energetically homogeneous with respect to each individual 
species. Negative deviations from ideality could
therefore arise as a result of either strong mixed lateral 
interactions or the energetic heterogeneity of the solid. 
More significantly, lateral interactions could lead to 
either positive or negative deviations from ideality. The 
deviation caused by energetic heterogeneity of a real 
solid adsorbent may therefore be enhanced by the lateral
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interactions or the two effects may compensate each other 
to such an extent that the adsorbate appears ideal.
The thermodynamics of mixed adsorption is often 
analysed in terms of the model-independent Adsorbed 
Solution Theory first proposed by Myers and Prausnitz 
[1965]. In this approach, the definition of the standard 
state, which is intimately linked with the activity 
coefficient, is open to speculation for mixed liquid 
adsorption. This is because in such cases the pure 
component standard state is hypothetical and cannot be 
physically realised. The standard state is then specified 
under approximations whose validity cannot be tested 
through thermodynamics alone. The thermodynamically exact 
one-dimensional model was used to assess the validity of 
such practical assumptions. The results obtained
indicated that approximate standard states should be used 
with caution. In particular, the binary hard-core
adsorbate was shown to be strictly thermodynamically 
ideal. The approximate standard state, however, led to 
adsorbed phase activity coefficients which were
significantly lower than unity [see Fig. 3.15]; thus
erroneously predicting negative deviations from ideality. 
For a more realistic binary LJ adsorbate with positive 
deviations from ideality, the activity coefficients
predicted using the approximate standard states were shown 
to erroneously indicate negative deviations [see
Fig. 3.17].
Evidently, the unjustified use of the approximate 
standard states for mixed liquids can lead to a
catastrophic misinterpretation of the thermodynamic 
behaviour of the adsorbed phase. An important conclusion 
of the theoretical sensitivity analysis is the 
identification of ^^ ^^ c^r,./kT as a key parameter for
establishing the validity of the approximations employed; 
this parameter can be extracted from experimental pure
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vapour adsorption isotherm measured up to saturation. If 
this parameter is much greater than unity for all the 
species in the mixture, the approximate standard states 
yield reliable results. However, if this parameter is 
close to or less than unity for one or more of the species 
present, the results obtained are open to question. The 
error in the apparent adsorbed phase activity coefficient 
is small for the strongly adsorbed species but may be 
substantial for those weakly adsorbed.
The conceptually simple but thermodynamically exact 
one-dimensional model reproduced many of the trends 
observed in liquid phase adsorption and some features, for 
example maxima in the individual adsorption isotherms, 
which are yet to be observed. This model may therefore 
provide a suitable basis for the quantitative description 
of practical adsorption onto narrow pore solids which will 
be considered in the next two chapters.
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CHAPTER 4
LIQUID PHASE ADSORPTION OF {ETHANOL-WATER}/SILICALITE 
a one-dimensional analysis
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LIQUID PHASE ADSORPTION OF {ETHANOL-WATER}/SILICALITE 
a one-dimensional analysis
4.1 INTRODUCTION
The ultimate aim in the theoretical analysis of
adsorption from liquids is the a priori prediction of the 
extent and the composition of the mixed adsorbate on the 
basis of the molecular properties of the adsorbent and 
the adsorbates. With our current knowledge of
intermolecular forces a totally predictive theory is
clearly beyond reach. A more practical target is a
theoretical model which enables the prediction of
mixed adsorption from the pure component adsorption
data. The primary step for such analysis is the
derivation of a thermodynamically exact mechanistic 
equation of state for the adsorbed phase. Given such 
an equation of state, the thermodynamic properties can 
be deduced directly and the extent and composition of 
the adsorbed phase calculated through the Gibbs
adsorption isotherm. Ideally, the parameters for the 
equation of state should be derived from the pure 
component adsorption data alone and the interactions in 
the mixed adsorbate predicted through theoretical mixing 
rules. In general, however, a priori mixing rules can 
only be developed for idealized situations seldom realized 
in practice. In practical applications, therefore, we are 
usually forced to seek semi-empirical mixing rules based 
on limited experimental mixed adsorption data.
The specific functional form of the equation of state 
is not available for a three-dimensional adsorbate but can 
be derived exactly for an idealised one-dimensional 
adsorbate. From a practical view point, the idealisation 
to a one-dimensional assembly is approximately approached 
in narrow pore microporous solids. For a sufficiently
125
narrow pore, the energy field exhibits a single deep 
minimum [eg Everett and Fowl 197 6] and the molecules tend 
to line up at the pore axis. With the development of the 
Pentasil family of high silica molecular sieves, and more 
recently the aluminophosphate molecular sieves, narrow 
pore solids offer increasing potential for sorptive 
separation and shape selective catalysis.
The theoretical derivation of the one-dimensional 
equation of state was presented in Chapter 2. This model 
is of interest from a theoretical viewpoint because all 
the thermodynamic properties of the adsorbate can be 
established exactly. In addition, the detailed
sensitivity analysis of Chapter 3 demonstrated that this 
intrinsically simple model is capable of reproducing the 
experimental trends observed in liquid phase adsorption by 
microporous solids. It is therefore of interest to see if 
the idealised one-dimensional model can provide a 
quantitative description of practical adsorption systems. 
The primary purpose of this chapter is to conduct a 
one-dimensional analysis of liquid phase adsorption of 
pure water, pure ethanol and their mixtures onto a narrow 
pore solid, silicalite. This system is of practical 
interest for the breakage of aqueous azeotropes, the 
recovery of low molecular weight biological organics, and 
the production of dealcohol ised beer [Pitt et al 1983, 
Milestone and Bibby 1981, Klein and Abraham 1983, 
Farhadpour et al 1984, Lencki et al 1983]. It is also a 
good model system in as far as the thermodynamic behaviour 
of the bulk liquid is well documented.
The {ethanol-water)/silicalite system provides a 
severe test for the one-dimensional model of adsorption in 
several respects. First, silicalite has an interconnected 
pore structure and the one-dimensional approximation 
presents a major geometric oversimplification. Second, 
water and ethanol are both highly polar and the
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electrostatic interaction between such molecules extends 
over a long range and is also sensitive to orientation. 
In addition, the measured density of the pure ethanol and 
the pure water adsorbed within silicalite differ 
significantly. The density of the pure ethanol adsorbate 
is close to that of the bulk liquid. Pure water adsorbed 
in silicalite, however, has a density four times smaller 
than the bulk liquid [Bono 1989, Farhadpour and Bono 
1988]. We could therefore anticipate substantial volume 
change of mixing and large deviation from ideality in the 
mixed adsorbate. Nevertheless, as we shall see, the 
conceptually simple but thermodynamically exact 
one-dimensional model can provide an adequate description 
of both pure and mixed adsorption of ethanol and water in 
silicalite. In particular, the parameters needed to 
describe the pure component adsorption can be simply 
combined to predict the mixed adsorption.
We start this chapter with a brief review of the 
practical aspects of liquid phase adsorption and the 
experimental data available for the (ethanol- 
water}/silicalite system. The assumptions made about the 
solid and the adsorbates and the procedure for extracting 
the model parameters are described in Section 4.3. The 
results of a one-dimensional analysis of adsorption from 
pure water and ethanol are presented and discussed in 
Section 4.4, The development of mixing rules to obtain 
the mixed interaction parameters is outlined in 
Section 4.5 and their application to binary adsorption of 
{ethanol- water) mixtures is presented in Section 4.6. 
The prediction of the vapour phase adsorption isotherms 
from the parameters extracted from liquid phase adsorption 
data is considered in Section 4.7 and the modifications 
needed are highlighted and will be addressed in Chapter 5.
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4.2 PRACTICAL ASPECTS OF LIQUID PHASE ADSORPTION
In the theoretical analysis of liquid phase 
adsorption we must negotiate a major practical constraint. 
This constraint arises because only the bulk liquid is 
open to direct measurement and the readily accessible 
experimental quantity is the relative adsorption. 
However, the individual adsorption of the various species 
and the composition of the adsorbed phase cannot be 
unambiguously obtained from the relative adsorption alone. 
It is therefore prudent at this point to present a brief 
discussion of adsorption from pure and mixed liquids and 
highlight the relationship between the excess, relative, 
and absolute adsorption. The absolute adsorption is the 
quantity predicted directly by the mechanistic models and 
its experimental determination requires careful 
consideration.
4.2.1 Adsorption from Pure and Mixed Liquids
Practical liquid phase adsorption systems contain at 
least two components. Adsorption from a pure liquid, 
although of little practical interest, is of crucial 
importance in validating theoretical models of adsorption. 
Before presenting the specific data for the 
(ethanol-water)/silicalite system, we need to carefully 
consider the physical adsorption data that can be obtained 
by experimentation with pure and multicomponent liquids. 
The measurable quantity in an adsorption system is usually 
defined as the 'excess adsorption' which is:" the 
additional amount of * adsorbate^ held in the adsorption 
space (ie the pores and surfaces of the solid) compared to 
the amount of the 'bulh fluid' which can be accommodated
in the same space" . For a pure adsorbate (denoted by
superscript °) with a uniform density, the excess 
adsorption may be defined as;
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N°^= r (p^-p^) =N°®-vp^ (4.1)
where v denotes the adsorption space, N°^=vp® is the 
absolute adsorption and p^ and p^ are the densities of 
the bulk fluid and the adsorbate respectively.
For a gas at low pressure, the density of the 
adsorbed fluid is usually much higher than that of the 
bulk gas p^»p^; the excess adsorption is then practically 
the same as the absolute amount adsorbed. For a pure 
liquid, however, the adsorbed phase density may be similar 
to that of the bulk fluid and the excess and absolute 
adsorption may differ substantially. For a pure liquid 
(or a pure gas at high pressure), the basic problem is the 
measurement of the density of the pure adsorbate p ® . 
This presents considerable practical difficulties since 
the adsorbed phase is not open to direct measurement and 
the adsorption space v is in general ill defined. The 
latter problem is less severe for crystalline molecular 
sieves which have a well defined internal structure. A 
technique developed by Farhadpour and Bono [1988] for the 
direct measurement of the adsorbate density in microporous 
crystalline solids will be presented in Section 4.2.3.
The excess adsorption for a component A in a mixed 
adsorbate may be similarly defined as.
= r (P^x% - (4.2)
where x, and x° refer to the composition in the bulk and 
adsorbed phases respectively. For a mixed gas at low 
pressure, the measured excess adsorption of component A is 
for all practical purposes the same as its absolute 
adsorption. For a mixed liquid, however, the excess and 
absolute adsorption of a given component may differ
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substantially. Given the adsorption space v , the basic 
problem in this case is the measurement of both the 
composition and the density p® of the mixed adsorbate. 
We can now demonstrate how such information can be 
obtained from practical liquid phase adsorption 
measurements.
4.2.2 The Excess, Relative and Absolute Adsorption
The readily accessible quantity in liquid phase 
adsorption is the 'relative adsorption'. Consider
contacting a known mass M of a dry solid with N moles of 
liquid with initial mole fraction x^  and let x^  denoteAO  Athe free liquid mole fraction at equilibrium. The 
relative adsorption of component A, , is given by,
( < 0  - (4-3)
A simple material balance serves to relate the easily 
measurable quantity F^ to the extent and composition of 
the adsorbed phase [Kipling, 1965],
r-A = - xj) (4.4)
where N® denotes the total absolute adsorption of all
species per unit mass of the dry solid and x® is the
(average) adsorbed phase mole fraction of component A. 
Two consequences of the definition of the relative 
adsorption by (4.4) should be clearly appreciated. 
First, the relative adsorption for a pure component is 
zero by definition. Second, for an n component mixture
only (n-1) of the F^ are independent. This is because 
E F^  =0 by definition and the relative adsorption of one 
of the components is always fixed by this constraint.
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Consequently, the measurement of the relative adsorption 
alone is not sufficient to establish the composition of 
the adsorbed phase unambiguously. An additional
independent measurement or relationship is required in I
order to establish the adsorbed phase composition 
uniquely. This extra relationship should ideally be
obtained by the direct experimental measurement of the 
total absolute uptake N^. The composition of the
adsorbed phase can then be obtained, without any a priori 
assumptions, from
X  =  X  + (4.5)N
and the individual absolute adsorption of each species and 
the selectivity of the solid are given by,
N® = N® X® (4,6)
x; /x; X ( X + r /N")
s = —  --- ^ ^  Î  -----  (4.7)^ x|/x^ x|(x]+ryN=)
Here we note that the above expressions [Eqs.(4.5) to 
(4.7)] are independent of any theoretical assumptions 
about the nature of either the solid or the adsorbed 
fluid. The simultaneous measurement of the relative and 
total adsorption isotherms provides a direct experimental 
route to the individual adsorptions and the (average) 
composition of the adsorbed phase.
Several comments are necessary about the 
relationship between the excess (N^), the relative (F^ ) 
and the absolute individual (N^=N®xp adsorption of a 
component A in a mixed adsorbate. The relationship 
between the excess and relative adsorption is obtained by 
comparing Eqs.(4.2) and (4.4) and takes the form.
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N® = r + F(p^-p^)x^ (4.8)A A ^ ' A
Evidently, the excess and relative adsorption are in 
general different and are only strictly equal if the bulk 
fluid and the adsorbate have identical density. There is
in fact no theoretical justification for p^=p^ and the
bulk and adsorbed phase density may well differ 
significantly [Dubinin et al 1980, Farhadpour and Bono
1988]. Nevertheless, the assumption of equal densities, 
p^=p^, simplifies the analysis and is therefore frequently 
employed; the results of such analyses are however open to 
question. We should also note that for a pure component, 
the relative adsorption, F°, is zero by definition whereas 
the excess and absolute adsorption, N® and N®, are 
decidedly non-zero.
The quantity most directly related to mechanistic
models of adsorption, or the information obtained from 
molecular simulations, is the absolute individual 
adsorption N®. This is also the quantity obtained by the 
simultaneous measurement of the relative and total 
adsorption for a mixed adsorbate [see Eq. (4.5) and 
(4.6)]. It must be recognised, however, that in order to 
relate the individual adsorption N® to the excess 
adsorption N® we must specify the adsorption space v 
unambiguously. This is perhaps most clearly seen by 
writing the definition of the excess adsorption (4.2) in 
the alternative form,
N® = vp^ yi - vp^x^ = N® - vp^ yi (4.9)a ' ^ a ' ^ a a ' ^ a '
Evidently, given the absolute adsorption N®, a unique 
value must be assigned to v to relate the two quantities 
N® and N %  This proves difficult for porous solids with a 
spectrum of pore sizes, such as activated carbon or silica 
gel, but an independent estimate of v can be obtained for
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microporous crystalline solids with well defined internal 
structure. This observation lies at the heart of the 
simple experimental technique of Farhadpour and Bono[1988] 
which is considered next.
4.2.3 Simultaneous Measurement of Relative and Total
Adsorptions {ethanol-water}/silicalite
Unlike the relative adsorption, which can be 
measured with the solid in-situ, the accurate measurement 
of the total uptake of a solution by (the usually finely 
divided) crystalline adsorbents presents considerable 
practical difficulties. The direct measurement of weight 
loss from the saturated solid is ruled out by the 
insurmountable difficulties of obtaining a 'clean' 
separation between the crystals and the bulk fluid. For 
finely divided crystals, the measurement of the total 
upta3ce from the saturated vapour in contact with the 
liquid is also hampered by unavoidable capillary 
condensation between the individual crystals. Farhadpour 
and Bono [1988] circumvented such difficulties using a 
pycnometer technique which enabled the direct measurement 
of both the total uptake and the relative adsorption 
without removing the solid from the bulk liquid.
The detailed description of the apparatus and 
experimental procedures can be found in Bono [1989] and 
Farhadpour and Bono [1988]. A schematic of the apparatus 
is shown in Fig. 4.1 and consists of a glass pycnometer 
(=10cm^ bulb) calibrated to better than 4xl0"'^cm^ at the 
temperature of interest. A known mass M of the dry 
crystals (typically 2-3 g) was placed in the pycnometer 
bulb and activated under vacuum at 400°C for at least 4 
hours. The solid was next cooled under vacuum to the 
desired temperature and a sufficient amount of thoroughly 
degassed liquid of known mass fraction w|^ introduced into 
the pycnometer. The suspension was allowed to equilibrate
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in a constant temperature bath controlled to better than
±0-05°C for at least 18 hours- At equilibrium, the total
mass, W , and the total volume, V , of the suspension in p pthe pycnometer were measured directly. A sample of the 
free liquid was also withdrawn with a gas-tight syringe
fitted with
fraction, w , and density, p
microfilter cartridge 1 and its mass measured independently-
R eservo ir
3 —w ay va lve ^ —  V acuum  line  
C a p illa ry
g a s - t ig h t
syringe
Magnetic s tir re r
E lec tro n ic  balance
Fig» 4.1 Schematic of the Pycnometer Apparatus [Bono
1989]
The total adsorption (on a mass basis) can be 
obtained directly from [Farhadpour and Bono 1988],
W -  [ V  - M / p  ] p
=   p  p MM ( 4 . 1 0 )
where p^  is the known density of the dry crystals and the 
relative adsorption is given by.
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[W - M] [w^  - w^]r” = ---^ ^ (4.11)
The adsorbed phase composition, the individual adsorption 
of each species and the selectivity of the solid may then 
be obtained from [see Eqs.(4.5)-(4.7)],
vr, = w, + (4.12)
N”® = N”V  (4.13)
/w= v/( w'+
S = ------1 -^---    (4.14)w. /Wj ( w^+ r"/N”®)
Conversion of the above quantities to the mole basis 
preferred for thermodynamic calculations is obvious.
The influence of temperature on the total uptake of 
the pure adsorbates is shown in Table 4.1 and Fig. 4.2 
[Farhadpour and Bono 1988]. Temperature has a greater 
influence on adsorption of pure water compared to pure 
ethanol. Assuming that the entire micropore volume 
(0.19cm^/g) of silicalite is accessible, the mass density 
of the adsorbed ethanol at 25°C is 0.69 g/cm^ which is 
close to that of bulk liquid ethanol, 0.78 g/cm^. In 
contrast, the mass density of pure water adsorbed in 
silicalite is 0.25 g/cm^ which is four times smaller than 
the density of bulk liquid water, 1.00 g/cm^.
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Table 4.1 Influence of Temperature on Uptake of Pure 
Ethanol and Pure Water on Silicalite 
[Farhadpour and Bono 1988]
Pure Ethanol Pure Water
Temperature Adsorption Temperature AdsorptionK (mmol/g) K (mmol/g)
298.15 2.818 298.15 2.587298.15 2.867 298.15 2.742298.15 2.885 308.15 2.415308.15 2.813 308.15 2.553308.15 2.820 323.15 2.415308.15 2 .776 323.15 2.448323.15 2.735 333.15 2 . 348323.15 2.763 333.15 2 .304333.15 2.705333.15 2.694
ethanolwater3.5
g  3.0
o
Ë  2.5
cg
C lO
<
10 30 50 70
Temperature
Fig.4.2 Influence of Temperature on Uptake of Pure 
Liquids on Silicalite [Farhadpour and Bono 1988]
136
Table 4.2 and Fig. 4,3 show the isothermal data 
obtained for adsorption of the binary (ethanol-water) 
mixture on silicalite at 2 5 and 50°C. The relative 
adsorption data measured by the conventional batch 
technique [Farhadpour and Bono 1988] is also included for 
comparison purposes. Ethanol is preferentially adsorbed 
over the entire concentration range at both temperatures. 
It is also interesting to note that a marked maximum 
occurs in the total uptake. This points to considerable 
volume change of mixing in the adsorbed phase and also 
suggests that lateral interaction between unlike molecules 
may play a significant role.
Table 4.2 Relative and Total Adsorption of (ethanol-water) 
Mixture on Silicalite [Farhadpour and Bono 1988]
298 15 K 333. 15 K
Liquid Adsorption Liquid Adsorptionmol frac (mmol/g) mol frac (mmol/g)Ethanol Relative Total Ethanol Relative Total
x ^ r N" x ' r N ®A A A A
0.0000 0.000 2 . 587 0.0000 0.000 2 . 3480.0000 0.000 2.742 0.0000 0.000 2 . 3040.0080 1.321 3 . 320 0.0080 1.308 2.9890.0103 1.665 3.588 0.0140 1.397 3.2760.0202 1.872 3.519 0.0238 1.652 3.4120.0286 2 . 025 3.476 0.0363 1.752 3 . 3860.0300 2 . 022 3.668 0.0497 1.749 3 , 3760.0479 1.679 4 . 039 0.0669 1.805 3.4670.0815 2 .131 3.247 0.2789 1.435 3 .1130.1210 1.891 3 . 623 0.3278 1.315 3 . 0840.1216 1.859 3 . 596 1.0000 0.000 2.7050.2215 1.836 3 . 268 1.0000 0.000 2 . 6940.2225 1.754 3 . 4090.5077 1.123 3 . 0681.0000 0.000 2 . 8851.0000 0.000 2 . 8671.0000 0. 000 2 .818
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I
coQ
CLO
< Relative
0 .2 .4 10.6 .8
05
SQ.O-S<
Liquid mole fraction
4.5
4,0
3.5 Total
2.5
2.0
15 Relative
1.0
.5
0 0 .2 4 ,6 .8 1.0
Liquid mole fraction, x*
Fig. 4.3 Relative and Total Adsorption of {ethanol-water) 
Mixture on Silicalite [Farhadpour and Bono 1988] 
(a) — *—  Pycnometer technique (b) — ©—  Batch 
technique
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4.3 MODEL PARAMETERS AND ASSUMPTIONS
The one-dimensional equation of state for a binary 
adsorbate has the following general form.
77 7) - 7 )  77a a 'b b  'a b b a = 1 (4.15)
A E i s / k Twhere A^=X^e ' /A^ and the auxiliary function is by
definition [see Chapter 2],
r" -u {r)/kT -{r/kTe e dr (4.16)
For a pure component A, the equation of state takes the 
much simplified form,
EA=/kT .CO -u (r)/kT -rr/kT e e dr = 1 (4.17)
For each pure species i, the model contains a single 
parameter to represent the strength of vertical
interaction and a number of parameters (typically 2 or 3) 
to describe the strength of lateral interaction. For the 
binary adsorbate we must also assign values for the mixed 
lateral interaction potentials u^ ,^ ideally through 
theoretically based mixing rules.
Extraction of the model parameters from the limited 
liquid phase adsorption data available is a complicated 
process. The data for the {ethanol-water}/ silicalite 
system does not cover a sufficiently wide temperature 
range and is also subject to considerable experimental 
error. Care must be exercised in ascribing physical 
significance to the parameters recovered from such data.
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The emphasis in this chapter is put firmly on keeping the 
number of parameters to a minimum and, where possible, 
basing the parameter values on independent physical 
considerations. The assumptions made and the argument 
employed for this purpose are presented below. The first 
serious assumption is the treatment of the interconnected 
pore structure of silicalite as a one-dimensional system 
and is discussed in Section 4.3.1. The approximations
employed to represent the vertical and lateral 
interactions for a highly polar pure adsorbate confined to 
a one-dimensional pore are considered in Section 4.3.2. 
The development of mixing rules for the mixed adsorbate 
will be considered separately in Section 4.5.
4.3.1 Structure of Silicalite
Silicalite is a microporous crystalline form of 
(nominally) pure silicon oxide originally developed by 
Union Carbide, The precursor crystal is manufactured by 
hydrothermal crystallisation in a closed vessel containing 
reactive amorphous silica, hydroxyl ion and 
tetrapropylammonium (TPA) ion which is believed to act as 
a template [Flanigen et al 1978, Price et al 1983]. The 
precursor crystals are activated by calcination in air at 
a temperature of about 600°C to decompose and remove the 
organic ions. The calcination leads to a 33% porous 
crystal with an interconnected pore structure consisting 
essentially of 5-6Â pores. The activated crystals have a 
measured density of 1.76 g/cm^ and a total micropore 
volume of 0.19 cm^/g. The silicalite crystal is extremely 
robust and resists attack by most mineral acids and 
retains its structure at temperatures approaching 900°C 
[Flanigen et al 1978].
The internal structure of silicalite determined from 
X-ray diffraction data is shown in Fig. 4.4 [Flanigen et 
al 1978, Price et al 1983, Kokotailo and Meier 1980].
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The structure consists of straight elliptical pores 
(s5-8x5.2 Â) cross-linked by near circular pores (s5.4 Â) 
with either pore defined by 10-ring of oxygen atoms. A 
schematic of the (half) unit cell is also shown on 
Fig. 4.4 [Thamm 1987, Gou et al 1989]. Silicalite can
act as a molecular sieve rejecting molecules greater than 
6Â but its most interesting feature lies in its 
hydrophobic and organophilic surface properties.
straight elliptical 
channel 5.8 x 5.2 A*”
near circular 
zig-zag channel 
5.4 A*
straight
Circular zig-zag  
chanrtal
Fig. 4.4 Idealised internal structure of silicalite 
determined from X-ray diffraction data 
[Flanigen et al 1978, Kokotailo and Meier 1980, 
Thamm 1987,Gou et al 1989]
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The silicalite structure is interconnected and should 
ideally be modelled as an assembly of two interconnecting 
one-dimensional pores. To our knowledge, however, an 
exact equation of state is not available for such an 
assembly and will be unduly complicated. Our primary aim 
is to keep the model sufficiently simple to enable an 
exact thermodynamic analysis of pure and multicomponent 
adsorption. The essential feature of the structure of 
silicalite is the inability of two adjacent molecules to 
cross each other directly in either pore. Adjacent
molecules may of course pass each other but by a much 
longer and therefore less probable circuitous route. For 
the purposes of this chapter, we shall idealise the 
silicalite pore structure as a single one-dimensional 
assembly. This is clearly an oversimplification but, as 
we shall demonstrate, enables an adequate description of 
pure and binary liquid phase adsorption of ethanol and 
water on silicalite. In particular, the parameters 
obtained from pure liquid adsorption data can be simply 
combined to predict mixed adsorption.
The idealisation to a single one-dimensional assembly 
is only appropriate for small molecules without a high 
affinity for the silicalite surface. The detailed
geometry of the pore structure becomes more important for 
tight fitting molecules with strong affinity, A number
of molecular simulation studies using the exact structure 
silicalite have been reported [June et al 1990, 1992,
Snurr et al 1991]. For ethanol and water such studies 
would face substantial problems in incorporating the 
inevitably long range electrostatic interactions. Several 
authors [Guo et al 1989, Lee et al 1992] have taken a 
more detailed account of the pore geometry but only at the 
expense of the severe assumption of constant and range 
independent lateral interactions. For example, Lee et
al [1992] found it necessary to assume three 
independent sites (to represent the two types of pores and
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their intersection) to model adsorption of benzene (S5.8Â) 
on silicalite.
Ethanol and water [see Fig.4.5] are much smaller than 
benzene and also have a weaker affinity for silicalite. 
We therefore prefer to idealize the pore geometry for the 
adsorption of water (s2.2 A) and ethanol (s4.2 A); the 
analysis can then be based on the thermodynamically exact 
one-dimensional model which enables a more critical 
assessment of the long range electrostatic interactions. 
A first estimate of the length of the one-dimensional 
assembly is obtained from the total micropore volume of 
0.19 cm^/g by taking an average pore area of 22.87 A^ to 
arrive at £=8.31x10^^ A/g. Based on the hard core
diameters of 4.2 A and 2.2 A for ethanol and water 
respectively, the ultimate one-dimensional capacity of 
silicalite is f/(T^^=3.29 mmol/g for pure ethanol and 
.21 mmol/g for pure water.
water
0.96A0~, H
110
ethanol
1 48A 
1.09A 109^
H
Fig, 4.5 Molecular structure of ethanol and water 
[Kell 1972, Syrkin and Dyatkina 1950]
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4.3.2 The Vertical and Lateral Interactions
The total interaction potential for N molecules of 
species A may be expressed as,
 I I  Cf(2.13)
1 = 1  i < j
where is the vertical interaction energy for the
molecule at position z. and u (z.-z, ) is the effective1 A A 1 jlateral interaction between this molecule and its nearest 
neighbour located at z^. Within the approximations of the 
one-dimensional model, the vertical interaction energy 
E^^^is independent of both position and composition. 
Given accurate vapour phase adsorption data, the parameter 
E^  ^ can be obtained either from the temperature dependence 
of the Henry's constant,
k.(T) = — ----- ^  ® cf(3.11)2jrk in. T
or from calorimetric data on the isosteric heat of 
adsorption.
2 + --^  Cf(3.13)
In the absence of vapour phase data, it may be possible to 
estimate E^  ^ from the experimental heat of immersion in 
the pure liquid. Alternatively, E^  ^ may be left as a 
fitting parameter and its value extracted from the 
temperature variation of the pure liquid adsorption data.
The specification of the lateral interaction 
potential presents more of a challenge. This is because 
for polar molecules, such as ethanol and water, it is
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imperative to explicitly account for the electrostatic 
interactions which are of long range and also depend on 
the orientation of the molecules. The simplest way this 
can be done is to idealise to spherical molecules with 
embedded (point) electrical multipoles. The effective 
lateral interaction potential can then be separated into 
two contributions,
(4.18)
The first term, u”^ (r), is the non-polar contribution 
associated with the repulsion and dispersion energies 
which originate from non-specific interactions. The 
second term, u^^(r), is included to represent the 
electrostatic interactions due to permanent and induced 
electrical multipoles (eg dipole-dipole, dipole- 
quadrupole, quadrupole-quadrupole etc). The interaction 
between the electrical multipoles is highly specific and 
depends strongly on the separation and orientation of the 
two nearest neighbours.
For practical purposes, the non-polar contribution 
may be approximated by the cut-off Lennard-Jones 
potential,
f +00I a a,np , V __ _.LJ
I 4E ^ AA
r / Œ %12f AA
1  r J ' ■ r>(jAA
which introduce the size and energy parameters, and
into the model. It is customary to deal with the 
electrostatic effects by including only the (ideal) 
dipole-dipole interaction which leads to the well known 
Stockmayer potential. This potential is usually expressed 
either as [Hirschfelder et al 1954],
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+ — r- (4.20)r
or in the alternative orientation averaged form,
= "^(r) + (4.21)
In either case, the parameter C is available analytically 
for ideal point dipoles.
The difference between (4.20) and (4.21) lies in the 
assumption made about the orientation of the dipoles. If 
the dipoles take on a preferred orientation then the 
longer range potential (4.20) is more appropriate. If the 
dipoles are assumed to be rapidly and freely rotating, the 
shorter range but temperature dependent potential (4.21) 
is more suitable. The latter potential is frequently 
employed in (three-dimensional) bulk liquid studies for 
the following reasons. In the absence of an external 
field, the dipoles in a (three-dimensional) bulk liquid 
are likely to be rapidly rotating. The net effect is then 
an average of the dipole-dipole interactions over all 
possible orientations. This averaging can be performed in 
different ways [Prausnitz 1969, Reed and Gubbins 1973] and 
leads to an orientation independent but temperature 
dependent potential [Reed and Gubbins 1973]. The averaged 
form most frequently employed is,
■ “ ■ ^
where {i^ and are the dipole moments of molecules a and
a" respectively. Another advantage of (4.22) arises 
because the r ^  term can be combined with the r~^  of the 
non-polar (LJ) contribution to give.
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AA AA [(-
O' \ 12 f  O ' NA A A Ar I r J (4.23)
The averaged parameters, 
[Reed and Gubbins 1973], AA
and are then given by
O' A A
H (4.24)
= EAA AA
1 +
2 2
12kT E O'A A AA
(4.25)
(4.26)
Equation (4.23) is convenient in as far as it enables 
polar molecules to be treated as pseudo LJ molecules and 
much is known from various sources for LJ molecules. It 
must be recognised, however, that the validity of such 
analogy depends in the first instance on the adequacy of 
the averaging procedure employed [Reed and Gubbins 1973].
Here we take the view that, within the narrow pores 
of interest in this study, the adsorbed molecules are 
subject to an external field and are likely to take up a 
preferred orientation. A potential similar to (4.20) is 
then more appropriate and additional parameters are
required to specify the preferred orientation of the 
electrical multipoles. We go further than (4.20) by
including higher order permanent electrical multipoles but 
employ a priori assumptions to keep the number of
additional parameters to a minimum. The discussion below
is limited to the electrostatic interaction between like 
molecules, we shall return to consider the electrostatic 
interaction between unlike molecules in Section 4.5.
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The various angles required to specify the 
electrostatic interaction between two dipoles a and a' are 
shown on Fig. 4.6. Here, is the polar angle of dipole 
a with the intermolecular axis and <p^ is the azimuthal 
angle. In general, the two dipoles may be contained in 
different azimuthal planes and four parameters,
■â , , and are needed to specify the orientation. The
general expression for interaction between two point 
dipoles takes the form [Hirschfelder et al 1954, Reed and 
Gubbins 1973],
u [sin# sin# , cos {(p -(p , ) - 2cos# cos# , ] (4.27)
+  e
a a ’
G—  e
Fig» 4.6 The coordinate system for dipole-dipole 
interaction between like molecules.
The electrostatic interactions are included in the 
one-dimensional formulation by assuming that the 
intermolecular axis coincides with the pore axis. The 
number of independent parameters required is then three 
(# , # ,, <p ,-(p -<p ,) but for practical applications isâ â aa a areduced to only one by making the following a priori 
assumptions for a pure adsorbate:
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(1) The orientation of each dipole is independent
of density and temperature.
(2) All the dipoles lie in the same azimuthal
plane; the parameter ^ m a y  then be
set to zero.
(3) The directions of adjacent dipole vectors
alternate due to the symmetry of the external
field; so that # ,=# +tt.a
Under the above assumptions, the general dipole-dipole 
expression (4.27) reduces to.
u^^, (r)= — sin# sin(7r+# )-2cos(# ) c o s (tt+ #  ) 1 (4.28)" " I a a a a I
which only contains the single parameter #^. This 
parameter is to be extracted from the pure liquid 
adsorption data.
For molecules with a strong permanent quadrupole, Q^, 
for example ethanol or water, the interactions involving 
the higher multipole is significant and cannot be ignored. 
The total electrostatic contribution may then be 
approximated by.
u^\= u^^,+ u^^,+ uGG,+ ... (4.29)aa  a a  a a a a '
Fortunately, the introduction of the ideal quadrupole does 
not introduce any additional parameters. Under
assumptions (l)-(3) above, the classical formulae for the 
dipole-quadrupole, u^^, and quadrupole- quadrupole, u^ ,^ 
interactions reduce to [Hirschfelder et al 1954, Reed and 
Gubbins 1973],
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/^iQ (jU Q [cos# ( 3 c o s ^ ( t t + #  )“1) -2sin# sin(TT+# ) c o s ( t t + #  )]
a a 2 r ^ A A a a a a a
+  U Q [-cos(7T+# ) (3cos^# -1) + 2sin# sin(TT+# ) cos# ] }A A a a a a a
(4.30)
3  --  [1 - 5COS^# -5COS^ ( 7 T + #  )+ 17COS^# C O S ^  ( 7 T + #  )a a  ^ ^ 5  a ' a '  a ' a '
+ 2sin^# sin^ (7T+# ) - 16sin# sin(7T+# ) cos# c o s (7t + #  ) ]a a a a a a
(4.31)
To summarise, the total lateral interaction in a pure 
adsorbate is separated into two parts,
"AA(r) = "AA(r) + cf(4.18)
with
E^i  ^ ^ ^ ^QQ  ^^ ^ cf(4.29)
AA A A A A A A
The non-polar contribution is described by the cut-off LJ 
potential (4.19) and the simplified formulae for the 
electrostatic interactions u^^, u^^, u^^ are given by Eqs.A A  A A '  AA ^  J  ^
(4.28), (4.30) and (4.31) respectively. The one­
dimensional model for a pure component A contains four 
basic parameters: one parameter (E^ )^ to describe the
vertical interaction, another two parameters (E and cr ) 
to characterise the non-polar lateral interactions, and a 
fourth parameter (#^ ) to specify the preferred orientation 
of the electrical multipoles. A good estimate of the size 
parameter, cr^ ,^ can usually be obtained from the molecular 
structure which leaves E , E and # to be extractedAs AA Afrom the experimental pure liquid adsorption data.
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4.4 RESULTS AND DISCUSSION: Adsorption of Pure Ethanol and
Pure Water on Silicalite
In order to extract the one-dimensional model 
parameters for pure ethanol and pure water adsorption we 
must first specify the various electrical properties. The 
dipole moments of ethanol and water are taken as 1.67 and 
1.84 esu.cm respectively [Reed and Gubbins 1973]. The 
quadrupole moment for water is reported to be 2.0 esu.cm^ 
[Prausnitz 1969] but no experimental values are available 
for ethanol. The quadrupole moment of methanol has been 
shown by Singh and Singh [1974] to lie in the range 
5.0-8.0 esu.cm^. For the purposes of this chapter, the 
quadrupole moment of ethanol is taken as 8.0 esu.cm^. 
Based on the molecular structures shown in Fig. 4.5, we 
shall also adopt cr =4. 2Â and cr =2. 2Â for the hard-coreAA BBdiameter of ethanol and water respectively. The physical 
parameters used are summarised in the table below:
Table 4.3 Physical Properties of ethanol and water
ethanol water
Hard-core size cr (Â)i i ' 4.2 * 2.2^Dipole moment /li(esu.cm) 1.67 1.84
Quadrupole moment Q(esu.cm^) t8.0 2 . 0
estimated
The one-dimensional model was fitted to the pure 
liquid adsorption data of Table 4.1 using the following 
procedure. For a given set of parameters, E,_, cr^ ,^ E^
and # , the equation of state. As AA AA
E /kTAs' -u (r)/kT -^°r/kT e e  ^ dr of (3.2)
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was solved to give the value of the force  ^ at each bulk 
liquid activity. This value was then substituted in,
-u (r)/kT -ê°r/kT e ** e * dr
-u (r)/kT -f°r/kTr e  e dr
c f (3,4)
to establish the uptake. The one-dimensional length was 
taken as f=8.31x10^^ A/g based on structural 
considerations [see Section 4.3.1]. A non-linear
regression technique [Law and Bailey 1963, Prausnitz et al 
1980] was employed to adjust the model parameters and the 
best parameters are reported in Table 4.4.
The predicted vertical interaction energy for ethanol 
(E^^=42.1 KJ/mol) is considerably larger than that of 
water (E^^=37.1 KJ/mol) which is a reflection of the 
organophilic surface properties of silicalite. It is also 
interesting to note that at 25°C the initial isosteric 
heat, (q^ )^ ^ -2RT+E^^, predicted for ethanol (47.1 KJ/mol) 
is larger than its corresponding latent heat of 
vapourisation (43 KJ/mol). In contrast, the initial 
isosteric heat for water (42.1 KJ/mol) is below its latent 
heat of vapourisation (43.9 KJ/mol), which is a reflection 
of the hydrophobic surface properties of silicalite. 
Fig. 4.7 compares the model predictions with the 
experimental data of Farhadpour and Bono [1988] and the 
agreement is within the experimental errors.
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Table 4.4 Model parameters for pure ethanol and pure
water on silicalite
ethanol water
(KJ/mol) 42 .14 37. 13
(A) 4 . 2 2.2
(KJ/mol) 9.44 3.00
*1 (°) 150 43
4.0
3.5
cnÔEE
cO
C lO(/)TO<
ethanol
water
50 7010 30
Temperature ®C
Fig. 4.7 Influence of temperature on uptake of pure
ethanol and pure water on silicalite [--- model
prediction, data of Farhadpour and Bono 1988]
The contributions to the overall lateral interaction 
potentials corresponding to the best fit parameters of 
Table 4.4 are compared in Fig. 4.8. The overall potential 
for ethanol and water are noticeably different. For 
ethanol the overall lateral interaction is wholly 
attractive whereas the predicted interaction between water
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molecules turns repulsive at large separation. This is 
due to the stronger electrostatic contributions for water.
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4QcCD 5 42 6 8o
Intermolecular distance r. A Intermolecular distance r. A
Fig. 4.8 Non-polar u”*^ and Electrostatic u^ * contributions 
to the lateral interaction potential u=u”^ +u^^.
The net electrostatic contribution at the potential 
minimum is only 10% for ethanol but as much as 70% for 
water which is more polar than ethanol, The net 
electrostatic contribution for water is markedly repulsive 
at a separation of about 3.5 A but becomes strongly 
attractive as the molecules approach more closely. This 
long range repulsion is also observed for ethanol but on a 
smaller scale. These differences are more clearly
observed on Fig. 4.9 which compares the individual 
contributions to the net electrostatic interaction for 
pure ethanol and pure water.
In the case of ethanol, the dipole interaction (m u ) 
is repulsive, the quadrupole interaction (QQ) is also 
repulsive but is relatively small. However, the
dipole-quadrupole interaction (uQ) is strongly attractive. 
The net result is an attractive overall contribution at 
short separations. At separations beyond r/cr^^=l. 8, the
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longer range dipole interaction dominates and the net 
electrostatic interaction turns slightly repulsive- In 
the case of water, both the uQ and QQ contributions are 
attractive but the dipoles are predicted to take on a 
strongly repulsive orientation. The net result is a 
strongly attractive contribution at short separations 
which turns noticeably repulsive beyond r/cr^ =^^ 1.4 due to 
the much stronger dipole-dipole interactions. It is also 
worth pointing out that in both cases the repulsive tail 
is very long range and persists to separations of around 
lOcr. In the case of ethanol, the non-polar attraction is 
sufficiently strong to completely mask the long range 
electrostatic repulsion. For water, however, the
non-polar contribution is small and the overall 
interaction potential exhibits the switch from attraction 
to repulsion as the separation is increased. We also note 
that the switch from attraction to repulsion can only be 
obtained by including both the dipole and quadrupole 
contributions; the dipole interaction alone cannot exhibit 
such behaviour.
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3 A ---------- i f
___ - O Î 3 - \
___ - CDC 2 --- l/O
—  l/c - CD15 1 -- l/*^
T=298K
water
Intermolecular distance r A Intermolecular distance r A
Fig. 4.9 Individual contributions to the net electrostatic 
interaction potential.
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Finally, we note that the parameters reported in 
Table 4.4 and the corresponding potentials must be viewed 
with caution. This is primarily because they are
extracted from data over a limited temperature range. It 
is possible to fit such limited data to comparable 
accuracy using other potentials. For example, the fit 
obtained with a simple LJ potential (excluding the 
electrostatic effects altogether) is shown on Fig. 4.10 
and is as good as that obtained with the polar effects 
included. The pure LJ potential can be dismissed, 
however, in as far as it does not account for the 
electrostatic interaction between the highly polar water 
and ethanol molecules explicitly.
4.5 
4.0
3.5 
§> 3.0 
1  2,
2.0
1.5
1.0
.5
0
ethanol
E^=39.83KJ/m ol 
o „= 4 ,2 A  
E ^=  1135K J/mol
10 30 50
Temperature ®C
70
CDO
O
CO■o<
4.5
3.5
3.0
2.5
2.0
water
Egs=34.90KJ/mol 
OoR= 2.2 A
1.5
1.0
Err= 8.87K J/mol.5
0 5010 30 70
Temperature
Pig.4.10 Uptake of pure ethanol and pure water predicted
with ( a )  LJ potential with the parameters
shown and (b) ---  LJ+Electrostatic potential
with parameters of Table 4.4.
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Pure liquid adsorption data over a wider temperature 
range would clearly be helpful in establishing the lateral 
interaction potential with greater confidence. However, a 
much better estimate of the vertical and lateral 
interaction potentials can in principle be obtained from 
pure vapour adsorption data at low and intermediate 
pressures. This is clearly demonstrated by Fig. 4.11 
which compares the water vapour isotherm predicted for the 
pure LJ potential with that based on the more detailed 
potential accounting for the electrostatic contributions.
oEE,
co
o
3
Ep<,= 34.90K J/mol
2
Err= 8.87K J/mol
1
0 .8 1.0.6.20
Relative pressure. P/P°
Fig.4.11 Vapour adsorption isotherm of water at 25°C
predicted with ( a )  LJ potential with the
parameters shown and (b) ----  LJ+Electrostatic
potential with parameters of Table 4.4.
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4.5 THE MIXED INTERACTION PARAMETERS
The procedure and assumptions for a one-dimensional 
analysis of pure liquid adsorption were discussed in 
Section 4.3.2. In the case of multicomponent adsorbates 
we must also specify the parameters for the interaction 
between the unlike molecules. The first step in the 
one-dimensional analysis of mixed adsorbates is the 
development of suitable mixing rules for the prediction of 
the mixed interaction parameters based on those for the 
pure adsorbates. Our emphasis here is again on keeping 
the number of parameters to a minimum by making suitable 
a priori assumptions.
Within the approximations of the one-dimensional 
model, the vertical interaction energy is independent
of the composition of the adsorbed phase. The vertical 
interaction energy for a component i in a mixture can 
therefore be directly equated to its value in the pure i 
adsorbate. The mixed lateral interaction between an 
unlike AB pair is again dealt with by separating the 
overall potential into two contributions,
"AB(r) = + u^g(r) (4.32)
The major task at hand is therefore the prediction of the 
mixed non-polar, u^^, and the mixed electrostatic, u^^ , 
contributions from a knowledge of the pure component 
potentials (u%, and (u^, .
The size and energy E^^ parameters for the mixed
non-polar interactions may be obtained through the 
modified Lorentz-Berthelot (LB) mixing rules [Rigby et al 
1986] ;
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cr =AB 2 (4.33)
The non-polar mixing parameter is included to account
for possible deviation from the basic LB energy rule. 
This parameter can either be assigned an a priori value 
(eg or left as an additional fitting parameter to
be extracted from binary AB adsorption data.
The overall electrostatic interaction between the 
unlike AB pair is again assumed to be composed of,
E^i  ^ + ... (4.34)AB AB AB AB
For ideal multipoles, the general expressions for the 
dipole-dipole (jiijii) , dipole-quadrupole (jnQ) and 
quadrupole-quadrupole (QQ) interactions are available 
analytically [Reed and Gubbins 1973, also see (4.27), 
(4.30) and (4.31)]:
_ a b , sin-il sin# cos® - 2 cos# cos# ) (4.35)
a b r ^  ^ b ^ a b  a b '  ' '
u ^ ^  =  — — { I! Q^ [ C O S #  (3cos^# -1) -2sin# sin# cos# cos® ]a b 2 r  a ' b '  a b b ^ a b " *
+ U Q  [-cos# (3cos^# -1) + 2sin# sin#, cos# cos® ]}b a b a a b a ’^ a b
(4.36)
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u = -------  (1 - 5cos # -5cos # + IVcos # COS #a b ^ S '  a b a b4 r
+ 2sin^# sin^# cos^® - 16sin# sin# ces# cos# cosy  ^)a b a b  a b a b a b
(4.37)
The parameter y ^=y^-y^ represents the inclination between 
the azimuthal planes containing dipoles a and Jb
respectively.
To develop a simple mixing rule for the electrostatic 
contributions, the three assumptions introduced for the
pure adsorbate are retained,
(1) The orientation of each dipole is independent 
of density and temperature.
(2) All the dipoles lie in the same azimuthal 
plane; the parameter ^ i^ iay then
be set to zero.
(3) The directions of adjacent dipole vectors 
alternate due to the symmetry of the external 
field; so that # , = #  + t t .a a
and the following key assumption introduced for the mixed 
adsorbate,
(4) The orientation of each dipole is assumed to 
be independent of composition. This implies 
that all the molecules of a species i in the 
mixed adsorbate lie on the same azimuthal 
plane and this plane is identical to that for 
the pure 1 adsorbate.
The coordinate system for the electrostatic interaction 
between like (AA and BB) and unlike (AB and BA) pairs in a 
binary mixture is shown on Fig. 4.12.
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AB
y
Fig.4.12 The coordinate system for the electrostatic 
interaction between like and unlike pairs 
in a binary adsorbate.
Under assumptions (1) to (4) above, the electrostatic 
interaction between an AA pair in the mixed adsorbate is 
by definition identical to that for an AA pair in a pure 
adsorbate maintained at the same temperature and spreading 
force as the mixture. This is essential to retain the 
full predictive capabilities of the multicomponent 
one-dimensional model. For the interaction between unlike 
molecules, say an AB pair, we must resolve the further 
choice depicted in Fig, 4.13 which arises because a B 
molecule placed to the left of an A molecule may have a
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polar angle of either or 7t+-ù , This choice is resolved 
by insisting that which enables us to assign (-0 ,ab ba a<p^ ) to the left most and ç>^ ) to the right most
molecule.
-* e
AB
-fe—c e
<PB
Fig» 4.13 Interaction between two dipoles of unlike 
molecules
Under the above assumptions, the ideal electrostatic 
interactions for a mixed AB pair reduce to:
u#I#1 _a b 3r j^sim5^sin(7r+i5^) cosç>^^-2cosil^cos (tt+t?^ ) J (4.38)
uhQ _ 3a b
“a I
cosi3^[3cos (n+i?^)“13 - 
2sin^^sin cos (7T+iJ^  ) cos^ +
[-cos (7t+t5^) [3cos t5 -1] +
2sini5 sin(7T+T? ) c o s t ? cos<pa b a a b )] (4.39)
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3Q Q f-u = ---  — - 1 -5cos^# -5cos^ (TT+'IJ )+ 17cos^# COS^ (7T+l} ) +
a b  4 r ^  L ^ ^ a b
2 s i n ^ #  s i n ^  (tt+ i> ) c o s ^^a b a b
IGsin# sinfTT+i? ) cosû cos( ii+û )cos(p (4.40)a b a b a b I
Here, -& and are the polar angles required to describe 
the electrostatic interaction in the pure A and pure B 
adsorbates respectively and a^b~^ a.'~^ h ^ single
electrostatic mixing parameter.
To summarise, the multicomponent one-dimensional 
model contains four parameters (E^ ,^ and ) for
each species i present; these parameters can be recovered 
from pure component data. The mixed interaction
parameters can then be obtained using the non-polar and 
electrostatic mixing rules described above. For each 
binary ij pair, the model contains a single non-polar 
mixing parameter and a single electrostatic mixing
parameter These mixing parameters can either be
assigned a priori values (eg and <p^^=180°) or they
may be extracted from adsorption data for the binary ij 
mixture.
4.6 RESULTS AND DISCUSSION; Binary Adsorption of
{Ethanol(A)“Water(B)> on Silicalite
An essential prerequisite for thermodynamic analysis 
of mixed liquid adsorption is accurate and reliable 
information on the variation of the bulk liquid activity 
coefficients with both composition and temperature. Lack 
of such data for systems of practical interest is often a 
major obstacle to detailed analysis. In the case of the 
{ethanol(A)-water(B)} mixture, sufficient data is 
available to permit an accurate description in the 2 5 to
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60°C range and possibly a mild extrapolation beyond. The 
correlation of the liquid activity coefficients can be 
achieved through any parametric expression, such as Van 
Laar, Wilson, UNIQUAC etc. [Reid et al 1977, Prausnitz et 
al 1980], which satisfies the Gibbs-Duhem equation. In 
the case of liquid phase adsorption, it is particularly 
important to have the correct infinite dilution activity 
coefficients This is because the limiting slopes of
the relative isotherm are sensitive to [see
Eqs.(3.3 0)]. It is therefore prudent to present the bulk 
liquid activity coefficient data before considering the 
one-dimensional analysis of the binary adsorbate.
4.6.1 Liquid Phase Activity Coefficients
The data available at 25°C [Hansen and Miller 1954, 
Dobson 1925] and at 50 and 60°C [Jones et al 1943] were 
correlated simultaneously using a non-linear regression 
technique [Law and Bailey 1963, Prausnitz et al 1980] for 
a variety of models satisfying the Gibbs-Duhem equation. 
There is little to choose between the various expressions 
in the mid concentration range but close to infinite 
dilution the best results were obtained with the 
expressions developed by Hansen and Miller [1954]:
^  \  + “ exp(-(3x‘)]
K  = K )  [ I *1 + “ exp(-isx^) +ÙI
^ (1- exp(-px|)(l+px^)l (4.41)
P ( X ^ ) 2  A A
with the temperature dependent parameters shown in 
Table 4.5. The liquid phase activity coefficients
predicted at 2 5 and 60°C are compared with the
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experimental data in Fig. 4.14. The best fit obtained 
using temperature dependent Wilson coefficients [Wilson 
1964] is also shown on Fig. 4.14 and is clearly inferior 
at infinite dilution.
Table 4.5 Temperature dependent parameters for liquid 
phase activity coefficients of {ethanol-water) 
(T in Kelvin)
A 2.0612 0.00178To
= -2,1792 + 0.0030T
a = -2.9607 + 0.0092T
= 11.0000
c
oÜ>>
%o<
6
a Dobson [1925]
H Hansen and KÆIer [1954]5
4
ethanol3
water
2
0 ,8 1-00 .4 ,6,2
<D
<DOO
>O<
6
» Jones et al [1943]5
4
\ ethanol3 water
2
0 1.0.6.2 40
Liquid mole fraction, x' Liquid mole fraction,
Fig.4.14 Liquid phase activity coefficients for
{ethanol(A)-water(B)} system [ Hansen
and Miller model, ---- Wilson model].
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4.6.2 Prediction of Binary Adsorption
Given the one-dimensional pure liquid adsorption 
parameters, adsorption from a mixture can be predicted on 
the basis of the non-polar and the electrostatic mixing 
rules outlined in Section 4.5. These mixing rules can be 
used in a totally predictive manner by assigning 
particular a priori values to the non-polar (Ç ) and the 
electrostatic mixing parameters. Alternatively, the
best values for S and cp can be extracted from limitedA^B A^Band easily measured binary adsorption data. For instance, 
it was demonstrated in Chapter 3 that the limiting slopes 
of the relative adsorption isotherm are given by:
lim
X  ->0 dxA A
dr.
—  = -----5:— —
N
C f (3.30a)
lim
%A^1
cf(3.30b)
where is the infinite dilution activity coefficient
in the bulk liquid phase, 
adsorption of pure liquid i.
is the absolute
N
cf (3.4)
and the auxiliary functions t7^^(T,|°) and îî'j(T,^ °) are as 
defined in Table 2.1. In principle therefore, accurate 
experimental values for the limiting slopes of the 
relative isotherm is sufficient to provide F and <p .^ A^B A^BUnfortunately, the data available to us [see Table 4.2] 
does not extend to sufficient dilution at either end of 
the composition range. In the absence of suitable data.
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we proceed by assigning a priori values to the mixing 
parameters and This enables a totally predictive
calculation of mixed adsorption based on the pure 
component parameters alone. These predictions can then be 
compared with the experimental binary data available and 
(if necessary) the mixing parameters and adjusted
to obtain a better fit.
The natural first choice for the mixed non-polar 
interactions is the basic Lorentz-Berthelot mixing rules 
[Rigby et al 1986] obtained by setting ^^^=0,
O ' =AB  2 cf(4.33)
E = /  E EAB A A  BB
Assigning an a priori value for the electrostatic mixing 
parameter is less straight forward. The simplest
option is to assume that all the dipoles, irrespective of 
the species involved, are contained in the same azimuthal 
plane. with this assumption, the inclination parameter 
(p ={p -(p can take on a value of either 0° or 180°. TheA^B A^ B^total electrostatic interaction potential for an AB pair 
predicted using the pure component polar angles and 
of Table 4.4 and (p =0 and <p =18 0° are compared inA^B A^B ^Fig.4.15. The mixed interaction potential predicted for 
(p =0° is repulsive and that for <p =180° is attractive atA^B ^ A^Ball separations. The model-independent thermodynamic 
analysis for the {ethanol(A)-water(B)}/silicalite system 
by Farhadpour and Bono [1988] strongly suggests that the 
interaction between the unlike molecules is attractive. 
We shall therefore adopt the a priori value of (p^ =^18 0° 
for the electrostatic mixing parameter.
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Fig. 4.15 Electrostatic interaction potentials for
(ethanol(A)-water(B)}/silicalite for two assumed 
azimuthal orientations.
Table 4.6 summarises the pure adsorbate parameters 
and the mixed interaction parameters obtained for the 
a priori values of f =0 and o =180°. To summarise, the^ A^B A^Btotal lateral interaction potential for the mixed pair is 
given by.
= C n : )  + u%(r) cf(4.32)
The non-polar contribution is described by a cut-off L J  
potential,
+00 r:£CrAB
C f (4.32)
with E and cr defined by the basic LB rule (Ç =0) .AB  AB ^  A B 'The net mixed electrostatic contribution u'^Vr) isABcomposed of
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+AB A B  A B  A B cf(4.34)
and the individual contributions are given by Eqs.(4.3 5)o180“. The overall mixed lateral 
interaction potential is shown on Fig. 4.16 and we also
to (4.37) with <p set to'  ^ A^B
note that under the mixing rules employed (r) =u^^ (r) by 
definition.
Table 4.6 Model parameters for the ( ethanol (A)-water (B) )/ 
silicalite system
ij pair AA BB AB BA
E^ ^ (KJ/mol) 42 .14 37-13 42.14 37.13
4.2 2.2 3 . 2 3.2
E^ ^ (KJ/mol) 9.44 3 . 00 5,33 5.33
1), (°) 150 43 150 43
(°) 180+150 180+43 180+43 180+150
Œ»C0)15
oQ.
CO
COc§c0)EQ
0
1
T=298K
2 ethanol-water
(P^ =180°3
4
5
53 7 9
Fig,
Intermoiecular distance r A
4.16 Non-polar u^^ and Electrostatic u^ ^ contributions 
to the lateral interaction potential u =u"*^ +u^ ^A B AB AB
El
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The relative adsorption isotherm predicted by the 
one-dimensional model is compared with the experimental 
data of Farhadpour and Bono [1988] in Fig, 4.17 and the 
agreement is within the experimental error.
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Fig. 4.17 Relative adsorption isotherm for the {ethanol (A)-
water(B)}/silicalite system [---- model prediction,
data of Farhadpour and Bono 1988].
The ability to fit the relative isotherm alone is 
insufficient to validate a theoretical model of liquid 
phase adsorption. It has been shown for example that a 
variety of models can describe the relative isotherm to 
comparable accuracy [Farhadpour and Bono 1988]. A more 
critical test lies in the ability of a model to fit the 
relative and total adsorption isotherms simultaneously. 
The total adsorption isotherm predicted by the 
one-dimensional model is shown on Fig, 4.18 and again fits 
the data within the experimental error. Here we note that 
the total isotherm is plotted against the adsorbed phase 
rather than the bulk liquid composition.
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Fig. 4.18 Total adsorption isotherm for the {ethanol (A)-
water(B)}/silicalite system [ ----- model
prediction, data of Farhadpour and Bono 1988].
The absolute adsorption of the individual components 
predicted by the one-dimensional model is presented in
Fig. 4.19 and provides 
experimental data.
good description of the
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Fig. 4.19 Individual adsorption for the {ethanol (A)-
water(B)}/silicalite system [ ----  model
prediction, data of Farhadpour and Bono 1988]
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We should emphasize that the mixed adsorption 
behaviour shown on Figures 4.17 to 4.19 is predicted using 
parameters recovered from the pure liquid adsorption data 
and a priori mixing rules. This confirms the predictive 
capabilities and the practical potential of the 
thermodynamically exact one-dimensional model. This model 
can also yield all the thermodynamic properties of the 
mixed adsorbate; in particular the adsorbed phase activity 
coefficients which is considered next.
4.6.3 Adsorbed Phase Activity Coefficients
The evaluation of the adsorbed phase activity
coefficients for adsorption from saturated liquids has 
been open to some speculation [Larionov and Myers 1971, 
Sircar and Myers 1973, Farhadpour and Bono 1988, Rudisill 
and LeVan 1992]. The basic difficulty which revolves 
around the use of approximate or extrapolated standard 
states for the pure adsorbates was discussed in Chapter 3. 
The major conclusion reached in Chapter 3 was that the 
approximate standard state is only appropriate if the 
dimensionless parameter ^°cr^^/kT»l. It is therefore of 
interest to see whether this criteria applies for the
practical {ethanol(A)- water(B)}/silicalite system.
The adsorbed phase activity coefficients for the
{ethanol(A)-water(B)}/silicalite system reported by 
Farhadpour and Bono [1988] are presented in Fig. 4.20. 
The activity coefficients were calculated by a model
independent thermodynamic analysis but are subject to two 
approximations which must be clearly appreciated. First, 
the composition of the adsorbed phase was obtained by 
fitting empirical smoothing lines through the measured 
relative and total adsorption data. The empirical 
formulae used have little theoretical foundation and could
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therefore introduce systematic error in the results 
obtained. This problem is removed by using the
predictions of the one- dimensional model. Second, 
Farhadpour and Bono [1988] employed an approximate 
standard state based on the assumption that the molar 
volume of the pure adsorbate is insensitive to changes in 
the spreading force close to saturation. The validity of 
this assumption can only be tested through a mechanistic 
and thermodynamically exact equation of state for the 
adsorbed phase.
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Fig. 4.20 Adsorbed phase activity coefficients for the
{ethanol(A)-water(B))/silicalite system reported 
by Farhadpour and Bono [1988].
The one-dimensional equation of state enables the 
exact calculation of the pure component properties in 
their standard state which is taken at the same 
temperature and spreading force as the mixture. The 
adsorbed phase activity coefficients based on the exact 
standard state are compared with those calculated using 
the approximate standard state on Fig. 4.21. It is
interesting to note that the adsorbed phase activity
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coefficient: of ethanol predicted by the two procedures are
remarkably similar. Those for water are however in large
disagreement. This is to be expected since for ethanol,
which is more strongly adsorbed, the key parameter
o^sat^  /kT=3.46 at 25°C. In contrast, for the lessaa' ’strongly
Osat^ T = o . 3 9 .  BB'
adsorbed water this parameter is  ^ only 
This is in line with the conclusions 
reached in Chapter 3 ; we could therefore have anticipated 
that the use of the approximate standard state would 
produce a quantitative error in the adsorbed phase 
activity coefficients. For the {ethanol(A)-
water(B))/silicalite system, the error observed is small 
for the strongly adsorbed ethanol but is significant for 
the weakly adsorbed water.
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Fig. 4.21 Comparison of adsorbed phase activity
coefficients for (ethanol(A)-water(B)}/silicalite 
system predicted by the one-dimensional model
using (a) ----  the exact and ( b )  the
approximate standard states.
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The above analysis shows that for the (ethanol(A)- 
water(B)}/silicalite system, the adsorbed phase, in 
complete contrast to the bulk liquid, exhibits substantial 
negative deviations from ideality. The one-dimensional 
analysis suggests that the electrostatic contributions are 
such that within the narrow confines of silicalite the 
weakly adsorbed water molecule is strongly attracted to 
the more strongly localised ethanol molecule. This is 
clearly seen by the local composition predicted by the 
one-dimensional model which are shown on Fig. 4.22. It is 
also noteworthy that the local mole fractions deviate 
significantly from the composition predicted on the basis 
of random mixing approximation. The most significant 
result, however, is the underlying reason for the negative 
deviations which is due to strong lateral interaction 
between the unlike molecules. This is in contrast to the 
usual explanation of negative deviations which is normally 
attributed to the energetic heterogeneity of the solid.
1.0
,8
.6
,4
,2 AA
0 0 ,82 .6.4 10
1.0
.8 ‘BA
.6
,4
.2
0 .8 1.0,2 .50 4
Adsorbed mole fraction x* Adsorbed mole fraction x*
Fig. 4.2 2 Local mole fractiohs for the (ethanol(A)-
water(B)}/silicalite system predicted by the
one-dimensional model [---  random mixing
approximation]
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The lateral interaction between the unlike molecules 
is sufficiently strong to limit the selectivity of the 
"hydrophobic" silicalite crystals towards ethanol. A 
major practical consequence of this observation is that 
increasing the Si/Al ratio, which makes the crystals more 
hydrophobic, cannot affect the selectivity significantly. 
This is confirmed by the experimental results of Einicke 
et al [1989] who measured the relative isotherm for 
silicalite crystals with varying Si/Al ratio, see 
Fig. 4.23. Beyond a Si/Al ratio of about 40, the relative 
isotherm is effectively independent of the Si/Al ratio. 
This is because for sufficiently high Si/Al ratio the 
selectivity is controlled by the mixed lateral 
interactions.
20 data of Einicke et al [1989]
0
1
<  1.0 -
05-
075050025
X
Fig, 4.2 3 The relative adsorption isotherm for (ethanol(A) 
water(B)} mixtures on different NaZSM-5 zeolites 
Si/Al ratio: A- 13.5 . 19, O-'W, V. 50; a, 85
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The homogeneous one-dimensional model is equally 
applicable to adsorption from liquids or vapours. The 
interaction potential derived from liquid phase data 
should therefore also provide a good description of the 
vapour phase isotherm. Fig. 4.24 compares the pure water 
vapour isotherm predicted using the liquid phase 
parameters (see Table 4.4) with the data measured for the 
same sample of silicalite by a chromatographic method 
[Bennett and Schwarz 199 0]. The vapour isotherm is well 
predicted close to saturation but shows systematic 
deviation at low to moderate relative pressures. This is 
due to the increasing importance of energetic 
heterogeneity inevitably present in all practical solids. 
The dashed line on Fig. 4.24 corresponds to a pure LJ 
potential, which also fits the liquid data well (see 
Section 4.4). Evidently, the inclusion of the
electrostatic effects improves the prediction but an 
accurate description in the low pressure region demands 
the explicit treatment of energetic heterogeneity.
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Fig. 4.24 Vapour adsorption isotherm of water at 25°C
predicted with (a) ---  LJ potential with the
parameters shown and (b) ----  LJ+Electrostatic
potential with parameters of Table 4.4, data of 
Bennett and Schwarz [1990].
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4.7 CONCLUSIONS
In this chapter we examined the practical potential 
of the energetically homogeneous one-dimensional model for 
the description of liquid phase adsorption of pure water, 
pure ethanol and their mixtures onto a hydrophobic narrow 
pore solid, silicalite. This system provides a severe 
test of the one-dimensional model in two respects. First, 
the silicalite pore structure is interconnected and its 
idealisation to a one-dimensional pore represents a 
substantial geometric oversimplification. Second, both 
ethanol and water are highly polar and the electrostatic 
interactions must be treated explicitly. Such effects 
were catered for by treating the adsorbed molecules as 
spheres with embedded (ideal) electrical multipoles; this 
enabled the separation of the overall potential into 
additive non-polar and electrostatic contributions. A 
number of a priori assumptions were introduced to enable 
the direct inclusion of the electrostatic effects without 
altering the one-dimensional nature of the model. In 
particular, the polar molecules were assumed to take on a 
preferred orientation independent of temperature, density 
or composition. The electrostatic effects could then be 
described through a single additional parameter (the polar 
angle) for each species present.
A good description, with plausible parameter values, 
was achieved for pure ethanol and pure water adsorption 
when the interactions between the permanent dipoles and 
quadrupoles were included. The initial isosteric heat of 
adsorption was predicted to be smaller than the latent 
heat of vapourisation for water whereas it was 
substantially larger for ethanol. This is to be expected 
for a "hydrophobic" and "organophilic" solid such as 
silicalite. At the potential minimum, the net
electrostatic contribution to the overall lateral
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interaction potential was about 10% for ethanol whereas it 
was as much as 7 0% for the more polar water. In both
cases, the molecules were predicted to take up an
orientation which led to strongly repulsive dipole-dipole 
interaction, whereas the dipole-quadrupole and quadrupole- 
quadrupole interactions were on the whole attractive. 
Consequently, the net electrostatic contribution was 
predicted to exhibit a switch from attraction to repulsion 
which persisted to large separations [see Fig. 4.9], This 
switch was clearly reflected in the overall lateral
interaction potential for water but was barely noticeable 
for ethanol due to the larger non-polar contribution 
[see Fig. 4.8].
We must stress, however, that the pure liquid phase 
adsorption data is limited to a narrow temperature range 
and the parameters and the potentials obtained, although 
plausible, must be treated with caution. For example, it 
was possible to get an equally good fit with other 
potentials using less plausible parameters [see
Fig. 4.10], Further confidence in the parameters
recovered from the limited pure component data can be 
obtained by their ability to predict mixed liquid 
adsorption or, more critically, adsorption from pure 
vapours. Under the idealised assumptions developed in 
this chapter, adsorption from a mixed liquid could be 
predicted at the expense of introducing two mixing 
parameters for each binary pair present. A non-polar 
mixing parameter to account for possible deviation
from the Lorentz-Berthelot energy mixing rule and another 
electrostatic mixing parameter (p to allow for the 
possibly that the two species may lie on different 
azimuthal planes. These mixing parameters can either be 
adjusted to fit the binary data or they may be assigned 
a priori values; in which case mixed adsorption can be 
predicted from the pure component parameters alone. For 
the {ethanol-water}/silicalite system, mixed adsorption
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data was very well predicted by setting 0 and
180°; thus confirming the predictive power of the 
energetically homogeneous one-dimensional model and 
increasing the confidence in the pure component 
parameters.
An important conclusion of this chapter is that the 
predicted lateral interaction between ethanol-water pairs 
was sufficiently attractive to limit the selectivity of
the solid towards ethanol. This conclusion is supported 
by the experimental data of Einicke et al [1989] which 
demonstrates that beyond a certain Si/Al ratio (= 40) the 
surface properties of the silicalite crystal have little 
influence on selectivity [see Fig. 4.23]. It is also in 
keeping with the conclusion reached by Farhadpour and Bono 
[1988] in their model-independent thermodynamic analysis 
of the {ethanol-water}/silicalite system. These authours 
suggested that the adsorbed phase, in complete contrast to 
the bulk liquid, exhibits substantial negative deviations 
from ideality. The (apparent) adsorbed phase activity
coefficients reported by Farhadpour and Bono [1988] were, 
however, calculated through an approximate standard state. 
The adsorbed phase activity coefficients calculated using 
the exact standard state obtained through the
one-dimensional model also exhibit substantial negative 
deviations from ideality. It is also interesting to note 
that the error between the apparent and the exact adsorbed 
phase activity coefficients of ethanol is substantially 
smaller than that for water [see Fig. 4.21]. This is to 
be expected on the basis of the key force parameter 
identified in Chapter 3, this parameter has a value of 
. 46 for the strongly adsorbed ethanol but is
only #g^^^(^gg/kT=0. 39 for the weakly adsorbed water.
Based on the results of Chapters 3 and 4, we may 
conclude that the highly idealised one-dimensional model 
retains most of the essential features of liquid phase
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adsorption onto narrow pore solids without the need to 
take the detailed structure into account. In particular, 
the parameters recovered from pure liquid adsorption data 
can be simply combined to either predict or correlate the 
mixed liquid adsorption. The energetically homogeneous 
one-dimensional model is in principle equally applicable 
to vapour phase adsorption. Indeed, the parameters 
derived from pure liquid water adsorption data could 
provide a good description of the water vapour adsorption 
isotherm close to saturation [see Fig. 4.24]; however, a 
systematic deviation was observed at low to moderate 
relative pressures. This is due to the increasing 
importance of energetic heterogeneity inevitably present 
in all practical adsorbent and is considered in the next 
chapter. Such effects are less critical for the dense 
adsorbates encountered in adsorption from liquids and a 
good description is possible by "hiding" such effects in 
the parameter values of the energetically homogeneous 
model.
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CHAPTER 5 
VAPOUR PHASE ADSORPTION
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5. VAPOUR PHASE ADSORPTION
5.1 INTRODUCTION
The theoretical description of vapour phase 
adsorption is inherently more complex than that of liquid 
phase adsorption. This is because energetic
heterogeneity and the detailed form of the intermoiecular 
potential exert a more marked influence on the 
thermodynamic properties of a low density adsorbate. In 
chapter 4 we demonstrated that liquid phase adsorption of 
pure water, pure ethanol and their mixtures on silicalite 
was well described in terms of an idealised energetically 
homogeneous one-dimensional model. The one-dimensional
model is equally applicable to both vapour and liquid 
phase adsorption. However, the model parameters
recovered from liquid phase adsorption data could only 
provide an adequate description of the vapour isotherm 
close to saturation and were in significant error at low 
to moderate relative pressures (see Fig.4.24). The 
observed discrepancy is due primarily to the increasing 
influence of energetic heterogeneity at the lower relative 
pressures.
Energetic heterogeneity is inevitably present in 
almost all practical adsorbents for a variety of reasons. 
For example, local composition variation, the presence of 
impurities or local defects in the crystalline structure 
may all lead to regions with an abnormally high adsorption 
energy. Such high energy "local adsorption sites" may 
occur either on the external surfaces or within the pore 
structure of the adsorbent and their precise nature is 
strongly dependent on the preparation and post treatment 
procedures employed. Consequently, there is often large 
differences in the adsorption isotherm measured on samples 
of (nominally) the same adsorbent produced in different
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laboratories. This is well demonstrated in Fig. 5.1
which compares the water vapour isotherms measured on 
three different samples of silicalite.
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Fig. 5.1 Adsorption isotherm of water vapour on
different samples of silicalite, experimental 
data of a Bennett and Schwarz [1990], 
o Dubinin et al [1989b], A Kenny and Sing [1990]
Direct evidence of high energy local adsorption sites 
in the various samples of silicalite is provided by a very 
sharp fall in the heat of adsorption at low loading. 
Fig. 5.2 shows the experimental differential heat of
adsorption of water and ethanol for a sample of silicalite 
produced by Dubinin et al [1989a, 1989b] and that of
methanol, n-butanol and iso-butanol on a different
silicalite sample produced by Thamm [1987]. In all cases,
the initial heat of adsorption is abnormally high but 
falls off rapidly as the local sites with high energy are 
covered. An estimate of the total capacity and the energy 
band for the local adsorption sites may be inferred from
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the variation of the heat of adsorption at low loading. 
For example, the data shown for water on Fig. 5.2a 
suggests a capacity of 0.3-0.4 mmol/g composed of local 
sites with energies ranging from* 55 KJ/mol to the very 
high value of 95 KJ/mol.
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Fig. 5.2 Experimental differential heat of adsorption of 
polar compounds on silicalite, (a) Dubinin et al 
[1989a, 1989b] and (b) Thamm [1987].
The heat of adsorption data shown in Fig. 5.2 
underline the fact that the total capacity of the local 
high energy sites in silicalite is relatively small. 
Furthermore, the influence of such sites on the 
thermodynamic properties of the adsorbate is reduced as 
the loading is increased. The one-dimensional model can 
therefore provide a good description of liquid phase 
adsorption for the (ethanol-water)/silicalite system 
without accounting for the local sites explicitly. The 
contribution from the high energy sites is, however.
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accounted for implicitly and is hidden in the model 
parameters recovered. In the case of a vapour at low 
pressures, most of the adsorption is on the local high 
energy sites which assume a critical role. It is 
therefore not surprising that the parameters recovered 
from liquid phase data fail to give a quantitative 
description of the vapour isotherm away from saturation. 
A primary objective of this chapter is to develop a 
systematic method for the explicit inclusion of the local 
adsorption sites into the one-dimensional model.
In the absence of the high energy sites, energetic 
heterogeneity may still arise as a result of local 
variation in the pore structure, we shall refer to this as 
"structural heterogeneity". In contrast to the
aluminosilicate zeolites, there are no large cavities in 
silicalite and the difference between the straight and 
zig-zag pores is also relatively small. However, the 
pores are interconnected and the larger intersections may 
exhibit a different adsorption characteristic compared to 
either pore type. The influence of such structural 
variations depends in the first instance on the size and 
the affinity of the adsorbate for the internal surfaces of 
silicalite. In the case of small molecules with low 
affinity structural variations are to a first 
approximation unimportant. This is confirmed below by the 
one-dimensional analysis for adsorption of water vapour on 
the "hydrophobic" silicalite crystals.
For larger molecules with a strong affinity, 
however, structural heterogeneity may exert a significant 
influence on the vapour adsorption characteristics. For 
such adsorbates, even small local variations in the pore 
structure may alter the strength of the external field 
significantly and may cause substantial local 
non-uniformity in the adsorbed phase density. The results 
presented below indicate that the vapour phase adsorption
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characteristics of the larger organic molecule ethanol 
molecule is affected by the structural heterogeneity of 
silicalite. The modification of the one-dimensional model 
to account for the energetic inhomogeneities caused by 
structural variations is extremely complicated. In 
particular, an exact equation of state for adsorbates in 
an inhomogeneous external field can only be obtained for 
hard-core molecules [Perçus 1976]. In view of the 
substantial influence of lateral interactions for polar 
molecules, we proceed by developing an approximate 
energetically heterogeneous one-dimensional model. This 
model provides an adequate description of both the 
isotherm and the heat of adsorption of ethanol vapour on 
silicalite but is not strictly thermodynamically exact.
This chapter is opened by a description of the 
procedure adopted for the explicit inclusion of local 
sites in the energetically homogeneous one-dimensional 
model in Section 5.2. The equations for the isotherm and 
heat of adsorption for the one-dimensional model with 
local sites are presented in Section 5.3. The application 
of this model for description of the data of Dubinin et al 
[1989a, 1989b] for adsorption of pure water and ethanol
vapours on silicalite is considered in Section 5.4. It 
turns out that a good description of the isotherm and heat 
of adsorption can be obtained for water but not for 
ethanol. An approximate one-dimensional model to account 
for structural heterogeneity is presented in Section 5.5 
and provides a good description of ethanol vapour 
adsorption on silicalite.
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5.2 THEORETICAL TREATMENT OF LOCAL ADSORPTION SITES
It has already been noted that practical samples of 
silicalite are contaminated with relatively small amounts 
of local sites of high adsorption energy. The occurrence 
of such sites leads to a pronounced "knee" in the vapour 
adsorption isotherm and a very sharp fall in the heat of 
adsorption at low loading (see Figures 5.1 and 5.2). A 
direct quantitative comparison between the samples of 
silicalite produced by various workers is complicated due 
to the different levels of contamination present. 
However, an indirect comparison may be made provided the 
contribution from the local sites is "subtracted out" 
under suitable theoretical assumptions. To this end, we 
may consider any sample of silicalite to be composed of an 
ideal uncontaminated effectively one-dimensional solid, 
whose surface properties depend primarily on the Si/Al 
ratio, contaminated by a certain amount of local sites of 
high adsorption energy. The basic task at hand is 
therefore to develop a systematic procedure for 
subtracting out the influence of contamination.
The simplest option is to assume that adsorption on 
the uncontaminated solid, n^ °, and that on the local 
sites, n^® occurs concurrently but independently. The 
experimental vapour adsorption isotherm on the actual 
solid may then be separated into two independent 
contributions,
n(T,P) = n®^(T,P) + n^°(T,P) (5.1)
as shown schematically on Fig 5.3. We shall employ the 
one-dimensional model developed in the previous chapters 
to describe the adsorption on the uncontaminated solid, 
n^ °, and consider the treatment of local sites below.
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Fig» 5.3 Schematic decomposition of experimental 
vapour adsorption isotherm
5.2.1 Random and Patch Models
The conventional treatment of energetic heterogeneity 
is based upon the notion of localised adsorption on 
independent sites with a spectrum of adsorption energies. 
The measurable quantity is the total adsorption which is 
simply a summation of the adsorption on the various sites. 
The local adsorption on particular sites of a given energy 
is not open to direct measurement and must be backed out 
by suitable theory. In a real solid, sites of a given 
energy may either be grouped together over a part of the 
solid or such sites may be randomly distributed over the 
whole of the solid. In the presence of significant 
lateral interactions, the assumptions made about the 
spatial distribution of the local sites can influence the 
calculated overall adsorption. In general, there may be a 
particular spatial correlation between the sites but the 
analysis is usually based on either of two extreme 
assumptions. In one extreme, the Random Model, the sites
189
are assumed to be uncorrelated and randomly distributed 
over the entire solid. In the other extreme, the Patch 
Model, sites of the same energy are grouped together in 
patches. Each patch is also assumed to be large enough so 
that only the lateral interactions within a patch need to 
be taken into account and the interaction across the patch 
boundaries ignored. In the absence of lateral
interactions, the Random and Patch models lead to 
identical results.
For the purposes of this chapter, we shall assume 
that there is no significant lateral interaction between 
the molecules adsorbed on the local sites. The overall 
adsorption, n^^(T,P), is then given by,
n®^(T,P) = Y n^(T,P,e^) (5.2)
I
P Pwhere n (T,P,c ) is the local adsorption on sites of 
energy e . In practice, the local sites could cover a 
continuous rather than a discrete spectrum of energies and 
(5.2) may then be replaced by,
n^^(T,P)= m== e^(T,P,e)f(e)de (5.3)
where 0 (T,P,c) is the local fractional coverage, m®® is 
the total capacity of the local sites and f(e) is a 
normalised energy distribution,
,.00
f ( e ) d e = l  (5.4)
with f(e)de representing the fraction of sites with an 
energy between e and e+dc.
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5.2.2 The Local Isotherm and The Energy Distribution
To use Eq.(5.3) we must adopt an appropriateIexpression for the local isotherm, 0 (T,P,e), and specify 
the energy distribution, f(c). The various choices 
available have been examined in detail by Sircar and Myers 
[1984]. The only constraint on the local adsorption 
isotherm expression is thermodynamic consistency. The 
expression used must have a well defined Henry's constant 
and higher order derivatives d^0/dP^. For example, these 
constraints rule out the Step or Toth isotherm expressions 
[Sircar and Myers 1984]. In the absence of lateral 
interactions, the obvious choice is the Langmuir isotherm.
f CoSxP(-R&-)P0^T,P,e) = ----  ss - ---„----  (5.5)1 + C e x p ( - ^ ) P
In theory is itself proportional to the square root of
temperature, but at ordinary temperatures this is 
negligible in comparison with the exponential variations.
We must next negotiate the difficulties inherent in 
specifying the energy distribution. The energy
distribution is not directly measurable and must therefore 
be backed out from the experimental adsorption data 
through suitable theoretical analysis. This analysis may 
be performed under various levels of detail depending on 
the ultimate objective. In cases where the energy 
distribution is desired goal, we face the difficult task 
of solving a Fredholm integral equation [House 1983, 
Butler et al 1981]. However, in most practical
applications, including the problem addressed in this 
chapter, the objective is to specify an energy 
distribution which provides an adequate description of the 
experimental isotherm through a simple, preferably
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analytical, expression. This objective is usually met by 
choosing a parametric expression for the normalised energy 
distribution and adjusting the parameters to fit the data. 
The particular form of the parametric expression is not 
very critical. This is because, for a given local 
isotherm, the overall adsorption isotherm is primarily 
sensitive to the mean (m) and standard deviation (a) 
rather than the detailed form of the distribution. 
Sircar and Myers [1984] have demonstrated that the same 
fit of the data can be obtained using different 
distributions with the same mean and standard deviation. 
For our purposes, we shall employ the Langmuir local 
isotherm with a simple uniform energy distribution which 
leads to an analytical overall isotherm.
For practical purposes, upper and lower limits, E’
and E' are imposed on the energy distribution and the
overall isotherm takes the form.
n"^(T,P) = m In l+CPexp(a )l+CPexp(-û ) (5.6a)
where <1 = \/3'û/RT (5.6b)
(5.6c)
and the mean (m) and the standard deviation (û) are 
related to the upper and lower energy cut-offs by.
m
■a
(E*s + )/2
m a x  m i n
(E = = - E^^ )m a x  m i n2/3'
(5.6d)
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The model for adsorption on the local sites introduces 
four new parameters (m^ ,^ , m, -a) or (m^ ,^ ,0 0 ma xm^in^  * Fortunately, with the exception of a good
estimate for the other parameters can be deduced from the 
heat of adsorption data at low coverage.
5,3 A ONE-DIMENSIONAL MODEL with local sites
The overall adsorption on a one-dimensional solid 
contaminated with local sites may be separated into two 
independent contributions,
n(T,P) = n®^(T,P) + n^°(T,P) (5.7)
The first term n^®(T,P) represents the adsorption on the 
local high energy adsorption sites which is described by 
(5.6). The second term n^°(T,P) is the adsorption on the 
uncontaminated one-dimensional solid and can be expressed 
as,
n'"(T,P) = £ cf(3.4)
i i
where f is the total one-dimensional length per unit mass 
of the solid and the auxiliary function and tj'. are as 
defined in Table 2.1. Given the model parameters, n^® and 
n^ ° can be calculated and their sum compared to the
experimental adsorption isotherm.
The validity of an adsorption model should ideally be 
tested by its ability to describe the isotherm and the 
heat effects of adsorption simultaneously. The heat of 
adsorption on a one-dimensional solid with local sites has 
two separate contributions. Given a number of adsorption 
isotherms, the overall isosteric heat of adsorption can be 
obtained from the thermodynamic relationship.
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((3=^ ) RT f dP )n d T (5.8)n
which is applicable irrespective of the nature of the 
solid. For comparison between the different samples of 
silicalite, however, it is necessary to estimate the 
individual contributions separately . For small changes 
in T and P, the variation in the total adsorption, n(T,P), 
is given by.
dn = ÔT dT+ d P dp|+|T
r 3T dT+ anIDap TdP^ (5.9)
Restricting to constant overall coverage, dn=0, and 
collecting the like term, leads to
(qst, RTn aT RT'n
r an""] ,' r an^”^]aT p I aT J
r an""] + r aii'O], ap apT
► (5.10)
T
The overall heat of adsorption is obtained by calculating 
the partial derivatives appearing in (5.10). It is 
relatively easy to show that for the local sites [see 
Eg.(5.5)],
f an'ap 0
r E /RT E /RTlm a x  m ine - e
ma X mRT
. w  E /RTHI [l+cj'e
(5.11a)
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' n“ (T,P) -aT o, E"" ”E""m a x  m i nRT
E /RTE"" /RTemax
e "" /RT ^1+C""e P0
E"" /RT  ^
e "" /RTe "m  i n
e "" /RT1+C""e P0
(5.11b)
For the uncontaminated one-dimensional 
partial derivatives take the form.
model, the
anIDap jgp (5.12a)
is!!] = _A_ [ _z]3T J T [ kT j 1 / 3 
i i
Ti/ 3 i i
+
(5,12b)
where the auxiliary functions (t) , t]' , v" , C' and )J ' ii ' ii li' ^ 1 1  i 'are as defined in Table 2.1. Given the model parameters, 
all the partial derivatives (5.11) and (5.12) can be 
evaluated and the overall heat of adsorption calculated 
through (5.10).
We must stress, however, that the contributions from 
the local sites and the one-dimensional solid are not 
linearly additive. This is made clear by noting that the 
heat of adsorption for the two constituent parts of the 
solid taken separately are by definition:
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(q")
RT f ÔP
dT I ID n (5.13a)
RT 3T (5.13b)n
Using the above relationship, (5.10) can be written as,
(q")n =
+ (q
1 + an'ap / f dnT
1 D
ap
(5.14)
Evidently, (q"^) ss and (q"^)^iD are not simply additive 
and the overall heat also depends on the term in curly 
braces which is the ratio of the slope of the isotherms 
for the local sites and the one-dimensional solid. This 
ratio changes as the loading is increased. At high 
loading, the local sites are saturated, (an"^/aP)^so, and 
the contribution is mainly due to the uncontaminated 
one-dimensional solid. At low loading, however, most of 
the adsorption takes place on the local sites and the 
overall heat of adsorption is close to that for the local 
sites alone.
To summarise, the one-dimensional model with local 
sites contains two sets of parameters. One set of 
parameters, (m"", c"", e "" , e "" ) , to describe the0 m a x  minadsorption on the local high energy adsorption sites and
another set, (E. , O' #. ), to describe theis i i ' iiconcurrent adsorption on the ideal uncontaminated 
one-dimensional solid. In principle, four of these 
parameters can be assigned a priori values. The
parameters m"", e "" and e"" for the local sites can bema x  mi nestimated from the initial sharp fall in the experimental
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heat of adsorption and the hard-core diameter, cr.., for 
the one-dimensional model from the molecular structure.
5,4 RESULTS AND DISCUSSION; Adsorption of water and 
ethanol vapours on silicalite
The performance of the one-dimensional model with 
local sites is tested in this section against the data of 
Dubinin et al [1989a, 1989b] for adsorption of pure water
and ethanol vapours on silicalite. Adsorption on the 
local sites is described by a Langmuir local isotherm 
coupled with a uniform energy distribution. This model 
has four basic parameters (m"", c"", e "" , e "" ) three of0 ma x  m inwhich (m"", e "" , e "" ) may be estimated from the initial
heat of adsorption data. The remaining parameter, , 
which controls the slope of the local sites isotherm is 
extracted from the data. The concurrent adsorption on the 
uncontaminated silicalite crystals is described by the 
same energetically homogeneous one-dimensional model 
employed for liquid phase adsorption in Chapter 4.
The one-dimensional assumptions employed are 
identical to those for liquid phase adsorption, see 
Chapter 4. The lateral interaction potential is separated 
into non-polar and electrostatic contributions. The 
non-polar contribution is described by a cut-off 
Lennard-Jones potential. The electrostatic contribution 
is dealt with under the a priori assumptions detailed in 
Section 4.3.2 to limit the number of parameters. For a 
pure species A, the one-dimensional model contains four 
parameters E , E , o' and . As before, the hard-coreAS^ AA' AA Adiameters are set to cr =4. 2Â and cr =2. 2Â for ethanol andAA BBwater respectively. The three parameters E^ ,^ E^ ,^ for
the one-dimensional contribution and the single parameter
c"" for local sites are extracted from a simultaneous fit oto the isotherm and heat of adsorption data of Dubinin et 
al [1989a, 1989b] using a non-linear regression technique
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[Law and Bailey 1963, Prausnitz et al 1980]. The results 
presented below confirm that a good description is
obtained for the smaller and weakly adsorbed water
molecule but not for the larger and more strongly adsorbed 
ethanol.
(a) Adsorption of Water Vapour on Silicalite
The experimental isotherm and heat of adsorption of 
water vapour on silicalite [Dubinin et al 1989b] are shown 
on Fig. 5.4. Based on the initial variation of the heat 
of adsorption, the capacity of the local sites was 
estimated at m""=0.4 mmol/g and the maximum energy at 
e "" = 95 KJ/mol. The minimum energy was more or lessmaxarbitrary set to E^"^= 75 KJ/mol but the predictions are
not too sensitive to this lower limit. The best 
simultaneous prediction of the isotherm and heat data was 
obtained with the parameters shown on Table 5.1 and is 
compared against the data in Fig. 5.4. The fit to the 
isotherm is near perfect and that to the heat of
adsorption is also good.
1 Parameters for 
local sites for 
system
the one-dimensional model 
{water vapour/silicalite)
® B S (KJ/mol) 34 . 32 2.2^B (A)(KJ/mol) 4 . 28
e B (°) 43.75
m" " (mmol/g) 0.4*
c r (Pa"') 1 . 06x10"' ®
e ""m a x (KJ/mol) 95. 0* 75.0*e ""m i n (KJ/mol)
t estimated from molecular structure $ estimated from heat of adsorption data
198
oEê.•o(D_o0 (O■Oco
51 <
2.0
1.5
1.0
5
,ss
0
110
oE
cr
.S5cO)
CD
'vap
Relative pressure. P/P° Amount adsorbed (mmol/g)
Fig. 5,4 Prediction of water vapour adsorption on 
silicalite by the one-dimensional model with
local sites (----  model prediction, data of
Dubinin et al [1989b])
It is evident that the knee observed at low pressure 
is well described by adsorption on high energy local sites 
which are rapidly covered as the pressure is increased. 
In contrast, the isotherm predicted for the uncontaminated 
one-dimensional solid does not exhibit a knee and, more 
significantly, is concave over the entire pressure range. 
This may be explained by noting that, in the absence of 
any local sites, the silicalite crystals which do not 
contain alumina or cations, should exhibit hydrophobic 
characteristics. Indeed, the differential heat,
(q^ ) ^ iD =E^^+RT, for adsorption of water on the
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uncontaminated crystals is predicted to be below the 
latent heat of vapourisation at all coverages. The 
initial heat (3 6.84 KJ/mol) is appreciably below the 
latent heat (44 KJ/mol) but approaches this value as the 
loading and hence lateral interactions is increased. As 
expected, the magnitude of the overall heat of adsorption
is close to that for the uncontaminated one-dimensional
solid at high loading. At very low loading, however, the
local sites of high energy make the major contribution. 
The overall heat therefore starts abnormally high but 
falls off sharply as the high energy sites are rapidly 
covered.
It is interesting at this point to compare the 
vertical and lateral interaction potentials extracted from 
the liquid and vapour phase adsorption data, see Fig. 5.5. 
We should recall, however, that the model used for liquid 
phase adsorption in Chapter 4 did not make an explicit
allowance for the presence of high energy local sites.
Considering this and the fact that different silicalite 
samples were used for the liquid and vapour phase
measurements, there is a remarkable similarity between the 
predicted potentials. In particular, in both cases the
net electrostatic interaction makes a large attractive 
contribution at the potential minimum. However, as the 
separation is increased this contribution turns repulsive 
and persists to very large separations. The individual 
electrostatic contributions due to the permanent 
multipoles are also very similar (see insets on Fig. 5.5). 
In particular, the dipoles are predicted to take on a 
strongly repulsive orientation whereas the higher
multipole contributions are wholly attractive. This is 
the primary reason for the change in the nature of the net 
electrostatic interaction and cannot be reproduced without 
including the higher order permanent multipoles.
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Fig. 5.5 Comparison of lateral interaction potential 
extracted from liquid phase and vapour phase 
adsorption data for adsorption of water on 
two different samples of silicalite. [Liquid 
phase: Union Carbide silicalite sample, data 
of Farhadpour and Bono [1988]; Vapour phase: 
silicalite sample and data of Dubinin et al 
[1989b].
The close similarity between the lateral interaction 
potentials predicted from the liquid and vapour phase 
analysis can be explained as follows. The only
theoretical difference is the addition of "local sites" in 
this chapter to deal explicitly with sites of abnormally 
high energy inevitably present in real solid. However, 
the total capacity of such sites in silicalite is 
relatively small and their influence is only critical at
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the low loadings encountered in vapour phase adsorption. 
In theory, the behaviour of the underlying 
"decontaminated" silicalite crystals is governed primarily 
by the Si/Al ratio. Failure to account for local sites 
explicitly results in a higher vertical interaction energy 
for the purely one-dimensional analysis of liquid phase 
adsorption (Liquid: E =37.13 KJ/mol) compared to that
for the more detailed vapour phase model (Vapour: 
Ebs= 34.32 KJ/mol). A good comparison between the two 
models may be made by considering the total interaction 
energy (vertical+lateral) at the potential minimum. At 
30°C, the total energy for the liquid phase model, 
u^°^(r )/RT= 17.5, is close to that for the moreLiq mi ndetailed vapour phase model, /RT= 17.2. The
small difference of 0.3RT may be ascribed to the different 
Si/Al ratio in the silicalite samples used and the fact 
that the purely one-dimensional analysis of the liquid 
phase data must account for the influence of the local 
sites implicitly.
In the case of water, the isotherm and heat of 
adsorption on the actual silicalite sample can be 
systematically separated into two contributions: a
contribution from an ideal energetically homogeneous 
one-dimensional solid and another for adsorption on the 
high energy sites present due to local defects or 
impurities. As such, this model may provide the basis for 
comparison of the adsorption behaviour of different 
samples of silicalite with various levels of impurity. 
The parameters recovered from a purely one-dimensional 
analysis of liquid phase data cannot provide a good 
description of vapour phase adsorption due to the 
increasing importance of the local sites at low pressures. 
This contribution is less important close to saturation 
and the simpler one-dimensional model is then capable of a 
good description; however,the parameters recovered carry 
the effect of local sites implicitly.
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(b) Adsorption of Ethanol Vapour on Silicalite
The experimental isotherm and heat of adsorption of 
ethanol vapour on silicalite is shown on Fig. 5.6. 
Unlike water, the organic ethanol molecule shows a high 
affinity for silicalite and its heat of adsorption is 
substantially larger than the latent heat of 
vapourisation. Ethanol 4.2Â) is also a larger
molecule than water (cr = 2.2Â) and may therefore be more 
strongly affected by local variations in the silicalite 
pore structure. The initial variation of the heat data 
suggest a local site capacity of m^^= 0.3 mmol/g and a 
maximum energy of 120 KJ/mol. The minimum energy
was chosen as E^ ® = 9 5  KJ/mol but the results are not toomi nsensitive to this lower bound. A non-linear regression 
technique [Law and Bailey 1963, Prausnitz et al 1980] was
used to recover the remaining four parameters E EAS ' AA ' Aand from a simultaneous fit to the isotherm and heat0data. The best parameters obtained are reported in
Table 5.2 but in this case the one-dimensional model with 
local sites was not capable of a good description 
(see Fig. 5.6),
Table 5.2 Parameters for the one-dimensional model with 
local sites for (ethanol vapour/silicalite) 
system
% A
(KJ/mol)
(Â)
45.9 
4 . 2*
(KJ/mol) 6.99
e A ( “ ) 30.1
m^ ^ (mmol/g) 0.3*
E ®  s 
m a x
(Pa'M
(KJ/mol)
3.5x10"^^ 
120.0*
E= =m i n (KJ/mol) 95.0*
t estimated from molecular structure $ estimated from heat of adsorption data
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Fig. 5.6 Prediction of ethanol vapour adsorption on 
silicalite by the one-dimensional model with
local sites (----  model prediction, data of
Dubinin et al [1989a])
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It is evident from Fig. 5.6 that the best 
simultaneous prediction of the isotherm and heat of 
adsorption exhibits a systematic deviation from the 
experimental data. Attempts were also made to search for 
all the eight parameters simultaneously but the fit 
obtained could not be improved. It is relatively easy to 
obtain a good fit to the isotherm alone. The major 
difficulty is in the prediction of the broad maximum and 
the relatively sharp fall in the heat of adsorption as 
saturation is approached. This is a clear indication
that the model adsorption mechanism adopted is 
inappropriate and must be modified. It is interesting in 
this context to note that the initial portion of the 
isotherm and heat data, which is primarily controlled by 
adsorption on the local sites, is well described. The 
systematic deviation occurs at high loading which is 
primarily controlled by the energetically homogeneous 
one-dimensional model. We take the view here that this is 
due to the intrusion of structural heterogeneity which 
demands a more detailed description of the interconnected 
pore structure of silicalite. In the case of water, which 
is small and has weak affinity for silicalite, slight 
variations in the pore structure have little influence on 
the adsorption characteristics. In contrast, the larger 
and more strongly adsorbed ethanol molecule may well 
discriminate between the pores and the larger 
intersections in silicalite. An approximate model to 
account for such structural heterogeneity is considered 
next.
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5.5 AN APPROXIMATE ONE-DIMENSIONAL MODEL with local sites
and structural heterogeneity
Up to now we have taken a very simple view by 
idealising the interconnected pore structure of silicalite 
as an energetically homogeneous one-dimensional solid. 
This simple view proved adequate in the case of water but 
not for the more strongly adsorbed ethanol. Ideally, the 
silicalite structure should be modelled as an assembly of 
two interconnecting one-dimensional pores. Such a model 
could account for the structural heterogeneity due to the 
differences between the straight and sinusoidal pores and 
the intersections which may be larger than either pore. 
To our knowledge, however, an exact equation of state is 
not available for such an assembly. The presence of the 
intersections alone would undoubtedly introduce a local 
and periodic variation in the energy field along the 
pores. This could in turn cause local non-uniformity with 
regions of high and low density coexisting within the 
pores.
The local variation in the strength of adsorption may 
be modelled in terms of a linear adsorbate subject to an 
inhomogeneous external field. However, an exact equation 
of state for such a system can only be obtained for 
non-interacting molecules [Perçus 1976]. A rigorous 
analysis of interacting molecules in an inhomogeneous 
external field is of course possible by molecular 
simulation but is not considered in this study. The main 
objective of this section is to develop a simple 
theoretical model. This is achieved through an
approximate treatment of the energetic inhomogeneity along 
the pore axis. The intersections are assumed to give rise 
to regions with weak and strong vertical interaction 
energy as shown schematically on Fig. 5.7. In general, 
the energy variation along the pore will be gradual and a
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diffuse boundary is formed between the local high and low 
density regions.
I 11
1 [ 11 1 r
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g
Fig. 5.7 Schematic presentation of the inhomogeneity 
caused by the presence of intersections along 
a one-dimensional pore.
In our approximate treatment, the diffuse boundaries 
are replaced with the sharp transitions shown by the 
dashed lines on Fig. 5.7. This assumption is reasonable 
particularly when the difference between the high and low 
energy levels is large, We also introduce a key
assumption by ignoring the lateral interaction across the 
sharp boundaries. Strictly speaking, this would only be a 
good assumption if the size (here length) of the 
consecutive high and low energy regions is sufficiently 
large. This may prove unjustified for solids such as 
silicalite and is the major weakness of the theoretical 
treatment which must be viewed as approximate. Under this 
approximation, however, we may treat the high and low 
density regions separately and independently. In
particular, we may collect all the high and all the low
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density regions together as shown on Fig. 5.8. This does 
not introduce any complications since the lateral 
interaction across all the boundaries are ignored.
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Fig. 5.8 Idealisation of the periodic structural 
heterogeneity into two independent 
homogeneous regions
Under the approximations employed, the two regions 
shown on fig, 5.8 can be treated separately and for our 
purposes we model each region as an energetically 
homogeneous one-dimensional adsorbate. The equation of 
state for each individual region is therefore 
thermodynamically exact and has all the properties 
discussed in the previous chapters. However, we have 
ignored the work done in separating the original 
non-uniform one-dimensional system into the individually 
independent and thermodynamically exact one-dimensional 
subsystems. Consequently, the total energy of the "new" 
assemblies is not exactly the same as that of the original 
assembly and no claims can be made regarding the
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thermodynamic consistency of the overall results. 
Nevertheless, as we shall see, this approximate treatment 
can provide a good description of the adsorption of 
ethanol vapour on silicalite at the expense of introducing 
only a single additional parameter.
We take the view here that for a molecule such as 
ethanol, the difference between the effective external 
field in the straight and sinusoidal pores of silicalite 
is small in comparison to the differences between either 
pore and the larger intersections. The low energy region 
is therefore loosely associated with the intersections 
and, based on the unit cell structure of silicalite [see 
Section 4.3.1], the length fractions with low and high 
energy are roughly estimated as 0.3 3 and 0.67 
respectively. We further assume that the lateral
interaction within the high and low energy regions may be 
described by the same interaction potential and 
parameters. However, the spreading force and the
separation between the nearest-neighbours in the two 
regions are not the same due to the different vertical 
interaction energies.
To summarise, adsorption on the actual silicalite 
crystals is again separated into two contributions.
n(T,P) = n^®(T,P) + n^°(T,P) (5.15)
Here n^^(T,P) is the adsorption on the local sites of high 
energy which as before is modelled using a Langmuir local 
isotherm and a uniform energy distribution [see Eg.(5.6)]. 
Overall adsorption on the uncontaminated but structurally 
heterogeneous one-dimensional solid, n^°(T,P), is further 
subdivided into two separate contributions,
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(5.16)
where the subscripts H and L denote the regions with high 
and low energy and m is the fraction of the length
experiencing a high external field. Both nj'^° and n^ ° are
described by the energetically homogeneous one-dimensional 
model using identical lateral interaction parameters but 
different vertical interaction energies.
The heat of adsorption on the actual silicalite
crystals has two contributions which do not add up
linearly.
(q")n =
ap J / l  ap JT
1 + an'ap ) / ( an
1 Dn c f (5.14)
ap T
In the presence of structural heterogeneity, the 
contribution from the uncontaminated solid is further 
divided into two parts which again do not add up 
linearly. It is easy to show that the overall heat, 
(q®^)^iD, is given by.
RT'
RT
ap
aT
m
1 Dn
r an 1 D H
aT + (1—w)
/ an 1 D H
ap ^T + (1—tw)
1 D
aT
an 1 D
ap T
(5.17)
The partial derivatives in (5.17) are readily calculated 
from the homogeneous one-dimensional model used for the 
high and low energy regions.
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The one-dimensional model with local sites and 
structural heterogeneity contains two sets of parameters. 
One set, (m^^, E®® , E®^  ) , to describe the0 m ax minadsorption on the local high energy sites and another set,
(E^ , E^ , m, cr , E , ) , to describe the concurrent' As' a s ' ' a a ' a a ' a ' 'adsorption on the uncontaminated but structurally 
heterogeneous one-dimensional solid. In principle, five 
of these parameters can be assigned a priori values. The 
parameters m^ ®, E^  ^ and E^  ^ for the local sites can bem a x  m inestimated from the sharp fall in the experimental heat 
data at very low loading. The hard-core diameter, cr..,
and the length fraction of the high energy region, m, can 
also be estimated from the structures of the molecule and 
the solid respectively. This leaves the local site
parameter C®® and the one-dimensional parameters e “^ , E^ ,^
E and -â to be extracted from a simultaneous fit to theAA Aisotherm and heat data. We should note that only two 
additional parameters m and E^ ^ are introduced to account 
for structural heterogeneity. The structural parameter m 
is estimated from the unit cell structure of the crystal,
so that only a single additional fitting parameter E^ ^
distinguishes the structurally heterogeneous model from
that in the previous section. Indeed, setting E^ =e” =E^  ^ AS AS ASwe recover the structurally homogeneous model of
Chapter 4 ; the value of m is then irrelevant and may be
assigned any value between zero and one.
Adsorption of Ethanol Vapour on Silicalite
The parameter values for the local sites are 
estimated from the initial variation heat of adsorption 
data: m^^=0.3 mmol/g, E ®^ =120 KJ/mol and E ^ =  95 KJ/mol.ma x  m i nThe hard-core diameter of ethanol is taken as cr = 4. 2ÂAAand the length fraction of the high energy region is set 
to m — 0.67. A non-linear regression technique [Law and
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Bailey 1963, Prausnitz et al 1980] was used to recover the
remaining five parameters, e ” , , E , and fromAb Ab AA A Ua simultaneous fit to the isotherm and heat data of 
Dubinin et al [1989a]. The best parameters obtained are 
reported in Table 5.3 and the model prediction is compared 
against the data in Fig. 5,9.
Table 5.3 Parameters for the one-dimensional model with 
1 o cal sites and structural heterogeneity for 
{ ethanol vapour)/silicalite system
(KJ/mol) 46.95
(KJ/mol) 35.16
m (-) 0. 67*
“■aa (Â) 4.2^
^AA (KJ/mol) 4.71
(“) 126.6
m ® ^ (mmol/g) 0.3*
c (Pa'") 3.5x10'^"
E max (KJ/mol) 12 0.0*E min (KJ/mol) 95.0*
t estim a ted from molecular structure 
t estim a ted from heat of adsorption data 
* estim a ted from silicalite structure
It is evident from Fig. 5.9 that the one-dimensional 
model with local sites and structural heterogeneity can 
provide an excellent description of the isotherm and heat 
of adsorption data over the entire range. Given the model 
parameters, the overall isotherm is easily broken down to 
its individual contributions which are linearly additive. 
The various contributions to the differential heat of 
adsorption are not linearly additive and cannot be readily
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Fig. 5.9 Prediction of ethanol vapour adsorption on
silicalite by the one-dimensional model with 
local sites and structural heterogeneity
(----  model prediction, data of Dubinin et al
[1989a])
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broken down. At sufficiently low overall loading
(n <0.1 mmol/g), the adsorption process is primarily 
governed by the high energy sites present due to local 
defects or impurities. At relative pressures below about 
0.0002, adsorption on the uncontaminated one-dimensional 
solid is largely insignificant. As a consequence, the 
experimentally measurable Henry's constant and initial 
heat of adsorption are effectively determined by the local 
sites with the highest energy. The low loading behaviour 
is well described by the Langmuir local isotherm and a 
uniform energy distribution for the local sites; the 
latter choice is, however, not critical and other 
distributions with the same mean and standard deviation 
can provide an equally good description.
The contribution from the local sites may be directly 
subtracted from the overall isotherm to determine the 
adsorption on the decontaminated one-dimensional solid. 
This contribution shows a trend which, except for a 
constant shift, is remarkably similar to the measured 
isotherm. The constant shift is due to adsorption on the 
high energy local sites which are rapidly covered as the 
pressure is increased. This is also reflected, in a 
non-linear fashion, on the initial variations of the heat 
of adsorption. At loadings beyond about n= 0.1 mmol/g, 
the contribution from the much lower differential heat of 
the decontaminated solid causes a sharp fall in the 
measured heat of adsorption.
The individual contributions form the high and low 
energy regions of the decontaminated solid are shown in 
the insets on Fig. 5.9. It is evident that at relative 
pressures below about 0.1, adsorption in the low energy 
regions (ie the intersections) is practically negligible. 
Therefore, the overall loading and the heat of adsorption 
on the decontaminated solid effectively correspond to that 
in the high energy regions (ie the straight and sinusoidal
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pores) . The gradual rise in the experimental heat of 
adsorption is due to the increasing importance of lateral 
interactions as the pores are filled. Beyond a relative 
pressure of 0.1, however, the high energy regions (the 
pores) approach saturation and further uptake proceeds by 
filling up the energetically less favourable 
intersections. The final upturn in the overall isotherm 
and the sharp fall in the differential heat of adsorption 
is associated with the onset and gradual completion of 
this process.
We are now in a position to compare the lateral 
interactions predicted for ethanol and water based on the 
one-dimensional model with local sites and structural 
heterogeneity. For water, which cannot sense the
difference between the pores and their intersections, the 
structurally heterogeneous model reduces to a 
one-dimensional model with local sites. The lateral
interactions predicted are shown in Fig 5.10 and water 
exhibits a much stronger lateral interaction compared to 
ethanol. This is due to the greater importance of the 
electrostatic contributions for the more polar water 
molecule. In both cases, the net electrostatic
contribution is attractive at short separation but turns 
repulsive as the separation is increased. It may well be 
that this type of behaviour is an intrinsic property of 
polar molecules confined to energetically homogeneous 
(non-polar) narrow pore solids such as silicalite.
The relatively small non-polar contribution for water 
leads to an overall potential with a pronounced repulsive 
tail extending to large separations. This long range 
repulsion is also present for ethanol but is much weaker 
due to the greater importance of the non-polar lateral 
interactions. The lateral interaction potential for
water is remarkably similar to that obtained from the 
simple one-dimensional analysis of pure liquid adsorption
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in Chapter 4 [see Fig. 4.8]. This is not surprising as 
the major difference in the case of water is the addition 
of the local sites in this chapter. The capacity of such 
sites in silicalite is not very large and, moreover, their 
influence only becomes critical at low loading. In the 
case of ethanol, however, structural heterogeneity has a 
critical role. The potential predicted by the simple 
one-dimensional analysis of Chapter 4 therefore differs 
and cannot be directly compared to that in Fig. 5.10.
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Fig. 5.10 Predicted lateral interaction potential for pure 
water and ethanol in silicalite.
5.6 CONCLUSIONS
The comparison between vapour phase adsorption 
characteristics on different samples of "nominally" the 
same narrow pore solid is complicated due to the presence 
of local regions of high energy caused by local 
imperfections or impurities. Failure to account for such
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"local sites" explicitly can lead to an incorrect Henry's 
constant which may in turn falsify the lateral interaction 
potential recovered from the adsorption data. This was 
identified in Chapter 4 as the principal reason for the 
failure of the parameters recovered from the 
one-dimensional analysis of pure liquid adsorption data to 
predict the vapour adsorption isotherm at low relative 
pressures. In this chapter we developed a systematic 
approach for "subtracting out" the influence of different 
levels of localised energetic heterogeneity. In
particular, the overall adsorption mechanism was 
deconvoluted into separate contributions from "local 
sites" and the underlying "decontaminated" narrow pore 
solid. The "local sites" were treated in terms of a 
Langmuir local isotherm and a uniform energy distribution. 
As a first approximation, adsorption on the 
"decontaminated" solid was modelled by the same 
energetically homogeneous one-dimensional model used for 
liquid phase adsorption in Chapter 4.
The one-dimensional model with local sites provided a 
good description of the adsorption isotherm and the 
differential heat of adsorption for water vapour on a 
sample of silicalite produced by Dubinin et al [1989b]. 
More significantly, the lateral interaction potential 
recovered from the vapour phase data was remarkably 
similar to that obtained from the simpler analysis of 
liquid phase adsorption data on a different sample of 
silicalite [see Fig. 5.5], The procedure developed 
therefore provides a viable technique for comparison of 
the adsorption characteristics on different samples of 
"nominally" the same solid. This is further supported by 
the ability of this model to provide an excellent 
description of the initial sharp fall in the differential 
heat of adsorption of ethanol on silicalite [see 
Fig. 5.6]. In the case of ethanol, however, significant 
systematic deviations were observed in both the isotherm
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and the heat of adsorption at intermediate and high 
loadings. This is because the larger and more strongly 
adsorbed ethanol molecule is more sensitive to the change 
in adsorption energy caused by the local variations in the 
pore structure of silicalite. Such structural
heterogeneity may result in regions of high and low 
density adsorbate coexisting in the pore structure. The 
theoretical treatment of a non-uniform adsorbate is 
complicated even in one-dimension. An approximate
treatment of structural heterogeneity was developed in 
this chapter by idealising the pores and their larger 
intersections as two independent uniform one-dimensional 
regions. This model is not strictly speaking
thermodynamically exact but could provide an excellent 
description of the adsorption data for ethanol [see 
Fig 5.9].
The approximate one-dimensional model with local 
sites and structural heterogeneity provided a good fit and 
a rational explanation of the complex behaviour of the 
{ethanol vapour}/silicalite system. The inclusion of the 
local sites is essential to account for the very sharp 
fall in the heat observed on all practical solids [see 
Fig. 5.2]. The inclusion of structural heterogeneity 
becomes important if the molecular dimensions are 
comparable to the pore size and the molecule exhibits a 
high affinity. For a small and weakly adsorbed molecule, 
such as water in silicalite, it was not necessary to 
distinguish between the pores or their intersections. For 
the larger and more strongly adsorbed ethanol, it was 
sufficient to make an allowance for the presence of the 
larger intersections. For even larger and more strongly 
adsorbed species it may be necessary to also discriminate 
between the two types of pores in silicalite. Evidently, 
a better description of the influence of structural 
heterogeneity in narrow pore solids provides fertile 
ground for future work.
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6 CONCLUSIONS AND RECOMMENDATIONS
This thesis represents a systematic and, where 
possible, exact analysis of molecular interactions within 
the confines of a class of narrow pore solids. A narrow 
pore is defined as one in which no two adjacent molecules 
can slide past each other; the adsorbate may then be 
treated in terms of a one-dimensional model. Such pores 
do not exist in practice but may serve as a first 
approximation when the pore dimensions in a real solid 
closely approaches the molecular dimensions of the 
adsorbate. Under suitable assumptions, the equation of 
state for a one-dimensional adsorbate can be derived from 
first principles and all the thermodynamic properties of 
the adsorbate may then be derived exactly. In particular, 
the influence of the vertical and lateral interactions are 
clearly separated and their interplay in a mixed adsorbate 
can be examined in a thermodynamically exact framework. A 
clear understanding of the intricate balance between such 
interactions opens the way towards the development of a 
predictive theory of adsorption in an important class of 
microporous crystalline solids.
In Chapter 2 we idealised the adsorbate as a linear 
fluid subject to an external field. The equation of state 
was derived through an exact statistical mechanical 
analysis of a one-dimensional assembly subject to a 
homogeneous external field and nearest-neighbour lateral 
interactions by modifying the classical arguments used for 
linear bulk fluids. The pertinent intensive variables for 
this assembly were identified as the absolute activity A®, 
the absolute temperature T and an absolute force variable 
The exact equation of state relating these variables 
A= A(A^,T,|) was stated in a form such that the influence 
of the vertical and lateral interactions were clearly 
separated. In particular, the lateral interaction between 
the various pairs could be specified in any desired form
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without affecting the one-dimensional characteristics of 
the model. Furthermore, the derivation did not in any way
rest on the lattice concept or the random mixing
assumption so frequently invoked in theoretical models of
adsorption. The idealised model developed in Chapter 2 
can therefore provide a measure of the local composition 
which is of great assistance in the interpretation of the 
thermodynamic behaviour of mixed adsorbates. The exact 
relationships for the thermodynamic property densities and 
the various heats of adsorption for the one-dimensional 
adsorbate were also derived and summarised in Chapter 2.
Chapter 3 was devoted to a detailed sensitivity 
analysis of pure and mixed adsorption in a highly
idealised but thermodynamically exact one-dimensional 
framework. In particular, model binary hard-core and 
Lennard-Jones adsorbates were examined closely to provide 
(partial) answers to some important questions which arise 
in mixed liquid adsorption. The general conclusion is 
that the thermodynamics of a mixed adsorbate is affected 
to varying degrees by the intricate interplay between the 
vertical and lateral interactions on the one hand and the 
non-idealities in the bulk fluid on the other hand. The 
balance between these two effects is strongly dependent on 
the absolute affinity of the various species for the solid 
surface. In particular, it was found helpful to define 
the affinity Ag. as the difference between the initial 
isosteric heat of adsorption (q^^) ^ and the latent heat of 
vapourisation . For systems with high affinity, the 
thermodynamic behaviour is governed primarily by the 
relative strength of the vertical interactions; the 
lateral interactions and the thermodynamic behaviour of 
the bulk solution play a secondary role. However, the 
thermodynamic properties of the mixed adsorbate are 
strongly moderated by the lateral interactions when one or 
more of the adsorbed species exhibit a low affinity.
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The above observation has far reaching practical 
implications. This is because in practical adsorption 
processes the adsorbent is chosen so that at least one 
component (the solvent) has a low affinity. In such 
cases, strong lateral interactions can radically alter the 
thermodynamic behaviour of the mixed adsorbate. This was 
clearly demonstrated for adsorption of {ethanol-water} 
bulk solutions, which exhibit strong positive deviation 
from ideality, onto model hydrophobic solids. For our 
purposes, a hydrophobic solid was defined as one with a 
negative affinity for water, < 0. The
one-dimensional mixed adsorbate could in this case exhibit 
positive deviations, no deviations, or negative deviations 
from ideality depending on the strength of the mixed 
lateral interactions.
The above observation raises an important question 
concerning the origin of deviation from ideality in an 
adsorbed phase. In most previous studies of mixed 
adsorption, the adsorbed phase is reported to exhibit 
negative deviations from ideality as a result of the 
energetic heterogeneity of practical solids. It must be 
stressed, however, that the idealised one-dimensional 
model used in Chapter 3 is by definition energetically 
homogeneous with respect to each individual species. Our 
results indicate that mixed lateral interactions could 
lead to either strong positive or strong negative 
deviations from ideality. The negative deviation from 
ideality caused by energetic heterogeneity may therefore 
be enhanced by the lateral interactions or the two effects 
may compensate each other to such an extent that the 
adsorbate appears ideal. Evidently, a rigorous
characterisation of a real adsorbate must carefully 
consider the effects of energetic heterogeneity on the one 
hand and the influence of lateral interactions on the 
other. The development of a theory for the rigorous 
separation of the influence of energetic heterogeneity and
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lateral interactions provides fertile ground for future 
work.
Another important question addressed in Chapter 3 is 
the choice of the standard states in Adsorbed Solution 
Theory which has been open to some speculation. In the 
absence of a mechanistic model, the thermodynamics of a 
mixed adsorbate is often described in terms of adsorbed 
phase activity coefficients. This approach is well 
defined for mixed gas adsorption but difficulties arise 
for adsorption from saturated liquids. This is because 
the spreading variable in the saturated mixed adsorbate 
exceeds that of at least one pure species at saturation. 
The pure adsorbate standard state, which is intimately 
interlinked with the adsorbed phase activity coefficient, 
is then hypothetical and cannot be physically realised. 
Faced with such practical difficulties, the pure component 
standard state is then usually based on approximations 
whose validity cannot be a priori justified. The
(apparent) adsorbed phase activity coefficients calculated 
using such approximate standard states are open to 
question.
The exact one-dimensional model was used to assess 
the consequences of such approximations which were found 
to be quite disturbing. In particular, the one­
dimensional binary hard-core adsorbate was proven to be 
strictly thermodynamically ideal. The apparent activity 
coefficients based on the approximate standard states, 
however, incorrectly predicted large negative deviations 
from ideality. In another example, a model
one-dimensional binary Lennard-Jones adsorbate was 
deliberately constructed to have positive deviations from 
ideality. The apparent activity coefficients, however, 
erroneously predicted negative deviations; thus leading to 
a completely wrong interpretation of the adsorbed phase 
thermodynamics. Evidently, the application of Adsorbed
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Solution Theory with approximate standard states can lead 
to a gross misinterpretation of the thermodynamics of the 
mixed adsorbate.
An important conclusion of the one-dimensional 
analysis of Chapter 3 is the identification of the force 
parameter /3^  ^  ^ 4°®®V^./kT as a key indicator for the 
validity of the approximate standard state. If this
parameter is much greater than unity for all the species 
in the mixture, the approximate standard states can be 
used with confidence. However, if this parameter is close 
to or less than unity for one or more of the species 
present, the results obtained are open to question and may 
be grossly in error for the weakly adsorbed species. The 
one-dimensional force parameter /3® ^ ^ 4°®®V^ykT (or its 
two- or three- dimensional counterpart, /kT or
'^ ji/kT ) can in principle be extracted from the pure 
vapour adsorption isotherm measured up to saturation. 
This parameter may therefore provide a practical means for 
assessing the validity of the approximate standard state 
forced upon us in the Adsorbed Solution Theory analysis of 
saturated adsorbates. On a more practical note, the
sensitivity analysis of Chapter 3 also showed that many of 
the experimentally observed features (and some new
features) of mixed liquid adsorption on microporous solids 
were reproduced by the conceptually simple but 
thermodynamically exact one-dimensional model.
The practical application of the one-dimensional 
model was examined in Chapter 4 for liquid phase 
adsorption of pure water, pure ethanol and their mixtures 
on a hydrophobic crystalline narrow pore solid, 
silicalite. This system stretches the one—dimensional 
approximation in two important respects. First, the
silicalite pore structure is interconnected and its
idealisation to a one-dimensional pore represents a major 
geometric oversimplification. Second, the long range and
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orientation dependent electrostatic interaction between 
the highly polar water and ethanol molecules must be 
catered for explicitly. Such effects were successfully 
modelled by idealising the adsorbates as spherical 
molecules with embedded (ideal) electrical multipoles. 
The lateral interactions were separated into additive 
non-polar and electrostatic contributions; the latter 
effects were included without altering the one-dimensional 
nature of the model by assuming that the polar spheres 
assume a preferred orientation independent of temperature, 
density or composition. Under this assumption, adsorption 
from a mixed liquid could be described at the expense of 
two mixing parameters for each binary pair present: a
non-polar mixing parameter, to allow for deviation
from the Lorentz-Berthelot energy rule and an 
electrostatic mixing parameter, (p , to allow for the 
possibility of the two species lying on different 
azimuthal planes.
The highly idealised one-dimensional model provided a 
good description of liquid phase adsorption of pure water 
and pure ethanol with plausible parameter values only when 
both the permanent dipoles and the permanent quadrupoles 
were included. In particular, the vertical interaction 
energies predicted were in line with our expectation for a 
"hydrophobic" and "organophilic" solid such as silicalite. 
Furthermore, the electrostatic effects were predicted to 
play a substantially greater role for the more polar water 
molecule compared to ethanol. A prominent feature was a 
switch from short range attraction to long range repulsion 
in the net electrostatic contribution; this switch cannot 
be reproduced by including the permanent dipoles alone.
The mixed liquid phase adsorption data was very well 
predicted using the pure component parameters and the 
a priori values of ^^^=0 and ^^^=18 0° for the mixing 
parameters. This has important practical implications
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since the mixed lateral interaction predicted for 
was strongly attractive. This suggests that within the 
hydrophobic confines of silicalite, the lateral 
interactions between the unlike molecules are sufficiently 
strong to limit the selectivity of the organophilic solid 
towards ethanol. This conclusion is supported by the 
data of Einicke et al [1989] which shows that increasing 
the Si/Al ratio beyond 40 has little influence on the 
selectivity of the silicalite crystal for ethanol. The 
same conclusion was also reached by Farhadpour and Bono 
[1988] in a model-independent Adsorbed Solution Theory 
analysis of the {ethanol-water)/silicalite system. 
According to these authours, the adsorbed phase, in 
complete contrast to the bulk liquid, exhibits substantial 
negative deviation from ideality. However, the (apparent) 
adsorbed phase activity coefficients reported by 
Farhadpour and Bono [1988] were based on approximate 
standard states. The negative deviation from ideality was 
confirmed by the true adsorbed phase activity coefficients 
based on the exact standard state available through the 
one-dimensional model. It was also noticeable that the 
discrepancy between the apparent and the exact adsorbed 
phase activity coefficients of ethanol was substantially 
smaller than that for water. This is to be expected on 
the basis of the key parameter identified in Chapter 3 ; 
this parameter had a value of /kT=3.46 for theA AAstrongly adsorbed ethanol but was only cr^^/kT=0.39
for the weakly adsorbed water.
It would seem, therefore, that the energetically 
homogeneous one-dimensional model retains the essential 
features of liquid phase adsorption without the need for a 
detailed description of either the pore structure or the 
energetic heterogeneity of practical narrow pore solids. 
The influence of such effects is relatively small for the 
dense adsorbates encountered in liquid phase adsorption 
and may be "hidden" in the model parameters. Such effects
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play a more critical role in establishing the vapour phase 
adsorption characteristics. For example, the water vapour 
adsorption isotherm predicted using the parameters 
recovered from the pure liquid adsorption data was in good 
agreement with the measured isotherm close to saturation 
but showed significant systematic deviations at low to 
moderate relative pressures. An accurate description of 
the vapour phase adsorption characteristics demands a more 
detailed model which was addressed in Chapter 5-
The comparison between vapour phase adsorption 
characteristics of different samples of "nominally" the 
same narrow pore solid is complicated due to the presence 
of local regions of high energy caused by local 
imperfections or impurities. Failure to account for such 
"local sites" explicitly can lead to an incorrect Henry's 
constant which may in turn falsify the lateral interaction 
potential recovered from the adsorption data. In
Chapter 5 we developed a systematic approach for 
"subtracting out" the influence of different levels of 
localised energetic heterogeneity. In particular, the 
overall adsorption mechanism was deconvoluted into 
separate contributions from "local sites" and the 
underlying "decontaminated" narrow pore solid. The "local 
sites" were treated in terms of a Langmuir local isotherm 
and a uniform energy distribution. As a first
approximation, adsorption on the "decontaminated" solid 
was modelled by the same energetically homogeneous 
one-dimensional model used for liquid phase adsorption in 
Chapter 4.
The one-dimensional model with local sites could 
provide a good description of the adsorption isotherm and 
the differential heat of adsorption of water vapour on 
silicalite. In particular, the lateral interaction
potential recovered from the vapour phase data was 
remarkably similar to that obtained from the simpler
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analysis of liquid phase adsorption data on a different 
sample of silicalite. The procedure developed therefore 
provides a viable technique for a direct comparison 
between different samples of "nominally" the same solid. 
This was further supported by the excellent description of 
the initial sharp fall in the differential heat of 
adsorption of ethanol on silicalite. In the case of 
ethanol, however, significant systematic deviations were 
observed in both the isotherm and the heat of adsorption 
at intermediate and high loadings. This is because the 
larger and more strongly adsorbed ethanol molecule is more 
sensitive to the change in adsorption energy caused by the 
local variations in the pore structure of silicalite. 
Such structural heterogeneity may result in regions of 
high and low density adsorbate coexisting in the pore 
structure. The theoretical treatment of a non-uniform 
adsorbate is complicated even in one-dimension. An
approximate treatment of structural heterogeneity was 
developed in Chapter 5 by treating the pores and their 
larger intersections as two independent uniform 
one-dimensional regions. This model is not strictly
speaking thermodynamically exact but could provide an 
excellent description of the adsorption data for ethanol 
over its full range.
The approximate one-dimensional model with local 
sites and structural heterogeneity provided a good fit and 
a rational explanation of the complex behaviour of the 
{ethanol vapour}/silicalite system. The inclusion of the 
local sites is essential to account for the initial sharp 
fall in the heat of adsorption on practical narrow pore 
solids. The inclusion of structural heterogeneity becomes 
important if the molecular dimensions are comparable to 
the pore size and the molecule exhibits a high affinity. 
For a small and weakly adsorbed molecule, such as water in 
silicalite, it was not necessary to distinguish between 
the pores or their intersections. For the larger and more
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strongly adsorbed ethanol, it was sufficient to make an 
allowance for the presence of the larger intersections. 
For even larger and more strongly adsorbed species it may 
be necessary to also discriminate between the two types of 
pores in silicalite.
The analyses presented in this thesis point to two 
important areas for future work. From an experimental 
viewpoint, the simultaneous measurement of the liquid 
phase total and relative adsorption isotherms and the 
measurement of the vapour phase heats of adsorption to 
high coverage provide invaluable data for validation of 
theoretical models of adsorption on crystalline 
microporous solids. In this respect, the automation of 
the simple technique developed by Dubinin et al [1980] and 
Farhadpour and Bono [1988] and, in particular, its 
extension to a wider temperature range is a clear 
candidate for further experimental development. From a 
theoretical viewpoint, further work should be directed to 
the development of a more rigorous model for pure and 
mixed adsorption in an energetically heterogeneous 
one-dimensional pore. The explicit inclusion of higher 
order nearest-neighbour lateral interactions and the 
three-body effects, which were treated in terms of an 
effective potential in this thesis, should also feature 
prominently in future work. Such a model could serve to 
provide a better separation between the complex influence 
of structural heterogeneity on the one hand and the 
lateral interactions on the other.
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